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The n u m e r i c a l  i n t e g r a t i o n  of the  equa t ions  gove rn ing  
the development  of a free s h e a r  l a y e r  from a r b i t r a r y   i n i t i a l  
cond i t ions ,  i s  c a r r i e d  o u t  u s i n g  a modification of Dorodni tsyn 's  
Method of  Integral  Rela t ions .  Wi th  th i s  method the  so lu t ion  
of t h e  e q u a t i o n s  is  unde r t aken  in  t w o  main s t e p s .  F i r s t ,  t h e  
system of p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  is  reduced t o  one 
of first-order o r d i n a r y  
system is i n t e g r a t e d  by 
The problem of t h e  
by s p l i t t i n g  the domain 
I.:! 
t 
d i f f e r e n t i a l   e q u a t i o n s .   S e c o n d ,   t h i s  
some s tandard  technique .  
s i n g u l a r i t y  a t  t h e  o r i g i n  is  solved 
of i n t e g r a t i o n  i n t o  t w o  s t r i p s :  a n d ,  
also, t ransforming  one of t h e  dependent variables. The appar- 
e n t  i n d e t e r m i n a t e n e s s  o f  t h e  t h i r d  b o u n d a r y  c o n d i t i o n  is  
overcome  by c a s t i n g  t h e  e q u a t i o n s  i n  Crocco c o o r d i n a t e s  f o r  
t h e  pu rposes   o f   t he   numer i ca l   i n t eg ra t ion .  The requirement ,  
t h a t  c o n t i n u i t y  o f  n o r m a l  stress be m a i n t a i n e d  f o r  t h e  h i g h e r  
order c o r r e c t i o n s  t o  t h e  so lu t ion  o f  t he  boundary  l aye r  equa -  
t i o n s ,  is u s e d  t o  d e t e r m i n e  t h e  l o c a t i o n  of t h e  d i v i d i n g  
s t r e a m l i n e  f o r  t h e  g e n e r a l  case o f  a f r e e  s h e a r  l a y e r  g r o w i n g  
about  a curved   ax isymmetr ic   f ree   s t reaml ine .   This   p rocedure  
i n v o l v e s  a n  a s y m p t o t i c  a n a l y s i s  o f  t h e  complete Nawer-Stokes 





11 The effects of v i s c o u s   h e a t i n g  ( P r  # 1) are t a k e n   i n t o  
-a 
cons ide ra t ion  and  Su the r l and ' s  law is  used t o  determine coef-  
f i c i e n t  of v i s c o s i t y  i n  t h e  l a m i n a r  case. A new eddy  v i scos i ty  
ix 
model is  i n t r o d u c e d  f o r  t h e  t u r b u l e n t  free s h e a r  l a y e r .  
E s s e n t i a l l y  it i s  an  ex tens ion  of  Clauser ' s  model .  
R e s u l t s  are p resen ted  showing  the  e f f ec t s  of compres- 
s i b i l i t y  (Mach numbers  ranging  from 0 t o  l o ) ,  a n d  t o t a l  e n t h a l p y  
r a t io  ( r ang ing  f rom 0 t o  5 ) ,  on the development  of  such 
parameters  as tempera ture  and  ve loc i ty  a long  the  d iv id ing  
s t r e a m l i n e ,  h e a t  t r a n s f e r  a n d  s h e a r  stress c o e f f i c i e n t s ,  a n d  
d iv id ing  s t r eaml ine  loca t ion ;  and  on  the  pos i t i on  o f  t he  
v i r t u a l  o r i g i n .  The effects o f  v a r i a t i o n  i n  i n i t i a l  v e l o c i t y  
p r o f i l e ,  a n d  o f  a d i s c o n t i n u i t y  i n  t e m p e r a t u r e  a t  t h e  o r i g i n ,  
are a l s o  s t u d i e d .  
The r e s u l t s  d i s p l a y  a s t rong dependence on Mach number, 
t o t a l  e n t h a l p y  r a t i o ,  a n d  t e m p e r a t u r e  d i s c o n t i n u i t y  a t  o r i g i n ;  
b u t  are o n l y  s l i g h t l y  a f f e c t e d  by v a r i a t i o n  i n  t h e  i n i t i a l  
v e l o c i t y  p r o f i l e .  I t  w a s  f o u n d   t h a t  any a t t empt ,   t o   app rox i -  
mate t h e  t o t a l  heat t r a n s f e r  a c r o s s  t h e  d i v i d i n g  s t r e a m l i n e  
fo r   va lues   o f less than  1 0 0 0 ,  would  be  highly  inaccurate .  
V i r t u a l  o r i g i n s  downstream of the real  ones were r e c o r d e d  f o r  
2 UISO** 









i e ( x )  
SYMBOLS 
6 = a i s  a s i d e  of domain A .  
Coeff ic ient   of   the   polynomial   approximating < ( 6 , ~ ) .  
See Eqn. ( 2 . 4 . 1 3 ) .  
u -  
C o e f f i c i e n t  of polynomial approximating transformed 
independent  var iab le  vi i n  kth s t r i p .  
(i = 1,"""- , 6 ;  j = 1,"""- 6 )  See Eqns.  (4.2.3-10) . 
5 = b i s  a s i d e  of domain A .  I n  s e c t i o n  1 . 2  only.  
Width of  shear  layer .  
Coeff ic ient  of  polynomial  approximating g'(c,u). 
See Eqn. ( 2 . 4 . 1 3 ) .  
(i = 1,""- , 6 ) .  See Eqn. ( 4 . 2 . 2 ) .  
Chapman-rube sin cons t an t .  
Coeff ic ient  of  polynomial  approximating P ( c , U ) .  
See Eqn. ( 2 . 4 . 1 4 ) .  
S p e c i f i c  h e a t  a t  c o n s t a n t  p r e s s u r e .  
Coef f ic ien t  of  pressure  
Shear stress c o e f f i c i e n t .  See Eqn. (4 .8 .5 ) .  
Domain of g e n e r a l  n o n l i n e a r  s y s t e m  o f  p a r t i a l  d i f -  
f e r e n t i a l  e q u a t i o n s .  
Coeff ic ient  of  polynomial  approximating E' (s,u). 
See Eqn. ( 2 . 4 . 1 4 ) .  
E/P  
Unknown f u n c t i o n   a r i s i n g   f r o m   i n t e g r a t i o n .   S e c t i o n  
2 . 2  only.  
Unknown f u n c t i o n   a r i s i n g   f r o m   i n t e g r a t i o n .   S e c t i o n  





Unknown f u n c t i o n   a r i s i n g   f r o m   i n t e g r a t i o n .   S e c t i o n  
2 .2  on ly .  
Se t  o f  we igh t ing  func t ions .  
Set o f   w e i g h t i n g   f u n c t i o n s   f o r  > . 
0 
Set o f   w e i g h t i n g   f u n c t i o n s   f o r  < co. 
Funct ion premult iplying approximating polynomial  for  
t ransformed dependent  var iab le  vi i n  k t h  s t r i p .  
See Eqn. (2 .5 .7) .   Sec t ion   2 .5   on ly .  
Component of v e c t o r  c o n s i s t i n g  o f  t h e  z e r o t h  o r d e r  
terms of  t h e  g e n e r a l  n o n l i n e a r  system of  PDES. 
(i = 1, 2, 3; j = 1,""- , 4 ) .  See Eqn. ( 4 . 1 . 4 ) .  
(i = 5 ,  6 ;  j = 1, 5 ,  6 ) .  See Eqn. ( 4 . 1 . 9 ) .  
See  Eqn.  (1.3.1.24). 
(i = 1,"" ,6). See  Eqn. (4 .2 .8 ) .  
(i = 1, ---."- , 6 ) ;  j = 5 , 6 ) .  ' S e e  Eqn. (4 .2 .8 ) .  
Unknown f u c t i o n   a r i s i n g  from i n t e g r a t i o n .   S e c t i o n  
2 .2  on ly .  
Unknown f u n c t i o n   a r i s i n g  from i n t e g r a t i o n .   S e c t i o n  
2 . 2  on ly .  
Se t  of  weight ing  func t ions .  
S e t   o f   w e i g h t i n g   f u n c t i o n s   f o r  > ii . 
0 
S e t  of we igh t ing  func t ions  for ii < ii . 
0 
S e t  o f  weight ing  func t ions .  
See  Eqn. ( 2 . 5 . 7 ) .  Sect ion  2 .5   only.  
( i  = 1, 2 ,  3 ) .  See Eqn. ( 4 . 2 . 9 ) .  
See Eqn. (1 .3 .1 .27) .   Sec t ion  1.3 only .  
To t a l  en tha lpy  . 
Tota l  en tha lpy  in  uppe r  ma in  stream. 
xi i 




hi ( E )  
hi 






Tota l  en tha lpy  in  lower  secondary  stream o r  q u i e s c e n t  
r eg ion .  
H a t x = O , y = O .  
H/H1 
- 
H f o r  U > Eo. 
H f o r  U < Eo. 
H a t  U =  U .  




(i = 1,""- , 4 ) .  Eqn. ( 4 . 2 . 1 1 ) .  
(i = 5 ,""- , 8 ) .  Eqn. (4 .2 .15) .  
(i = 1 ,""- , 4 ;  j = 5 , 6 ) .  Eqn. ( 4 . 2 . 1 2 ) .  
(i = 5 ,""- , 8 ;  j = 5 , 6 ) .  Eqn. (4 .2 .15) .  
I n i t i a l  t o t a l  e n t h a l p y  p r o f i l e .  
(i = 0,""- , 5 ) .  See Eqn. ( 4 . 2 . 1 2 ) .  
(i = 0 ,----- , 5 ;  j = 5 , 6 ) .  See  Eqn. (4.2.13). 
(i = 1,""- , 6 ) .  See Eqn. (4 .2 .18) .  
(k = 0 ,  1,"- ) .  See Eqn. ( 4 . 6 . 6 ) .  
(i = 0 ,""- , 5 ) .  See Eqn. ( 4 . 2 . 1 6 ) .  
(i = 0 ,""- ,5; j = 1, ' 5 ,  6 ) .  See Eqn. ( 4 . 2 . 1 7 ) .  
(i = 1 ,""- , 6 ) .  See Eqn. ( 4 . 2 . 1 9 ) .  
(k = 0,1,2,--- - -  1 .  See  Eqn. (4 .6 .3) .  
Coe f f i c i en t  o f  t he rma l  conduc t iv i ty .  
Radius  of  curva ture  of  f ree  s t reaml ine .  
Universa l  cons tan t .  
(i = 0,""- ,7). See Eqn. (4 .4 .5) .  
Reference length.  
G e n e r a l  n o n l i n e a r  p a r t i a l  o p e r a t o r .  
9, Length of t h e  f r e e  s t r e a m l i n e .  
x i i i  














ri ( E )  
S 
(i = 0,""- , 4 ) ;  j = 2,""- ,6). See Eqn. (4 .5 .5 ) .  
y - l 2  
2 M1 
Number of s t r i p s  i n t o  which A is  d iv ided .  
Mach number i n  upper main stream. 
N u m b e r  of we igh t ing  func t ions .  
Loca l   Nusse l t  Number. See Eqn. (4.8.3) . 
Pressu re  
M 
k = l  
C 'k+Q 
P r a n d t l  Number. 
Order of approximat ing  polynomia l  in  k t h  s t r i p .  
See Eqn. (2 .5 .7) .   Sec t ion   2 .5   on ly .  
See Eqn. (2 .5 .14) .   Sect ion  2 .5   only.  
See paragraph below Eqn. ( 1 . 2 . 7 )  . 
Radia l   coord ina te  
See Eqn. (2 .5 .52) .  
Displacement of free s t reaml ine  f rom axis  of symmetry. 
See  Eqn.  (2.5.14).  Section  2.5  only. 
See  Eqn.  (2.5.52) . 
lL 





Metric. See Eqn. (2 .5 .1 ) .  
See  Eqn. (2 .5 .14) .   Sec t ion   (2 .5)   on ly .  
xi v 
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See Eqn. (2 .5 .31) .  
See Eqn. (2 .5 .14) .   Sect ion  (2 .5)   only.  
(i = 0 ,""- ,11). See Eqn. ( 4 . 4 . 4 ) .  
Temperature 
Temperature i n  upper main stream. 
Temperature in  lower  secondary  stream or q u i e s c e n t  
reg ion .  
T a t x = O , y = O  
Value of F a t  U = Eo. 
Stress t e n s o r .  
Transformation mapping g t o  1, D t o  A .  
Long i tud ina l  ve loc i ty  component. 
Value of u i n  upper main stream. 
Value of u in  lower secondary stream. 
V U 2  
Value of U a t  y = yo. 
Vector  of dependent  var iab les .  
(i = 1,""- ,N). Component of u. - 
I n i t i a l  v e l o c i t y  p r o f i l e  a t  x = 0 .  
See Eqn. (2.5.7) . S e c t i o n  2.5  only. 
See Eqn. (2.5.14).   Section  2.5  Only.  
T ransve r se  ve loc i ty  component. 
Transformed vector  of dependent  var iab les .  
(i = 1,""- ,N) . Component of v. - 
p ' v '  v ( 1  + -1: Turbulent  case 
I P V  




w ( ~ ) ( x , Y )  See  Eqn.  (2.5.7.  Section  2.5  only. 




Longi tuda l  Car tes ian  coord ina te .  
x/L 
X Displacement of v i r t u a l   o r i g i n   b e h i n d  real one. 






P o s i t i o n  of d iv id ing  s t r eaml ine .  
YV 
Disp lacement  of  v i r tua l  o r ig in  above  real  one. 
I 
Y S t r e t ched   coord ina te .  See Eqn. ( 2 . 5 . 1 3 ) .  
Y* S t re t ched   coord ina te .  See Eqn. (2 .5 .37) .  
Greek Alphabet: 
a See Eqn. (2 .5 .31) .  
B Falkner-Skan  parameter
Y R a t i o   o f s p e c i f i c   h e a t s .  
6 ( E )  See Eqn. (2 .5 .13) .  
61 See Eqn. (2 .5 .29) .  
Boundary l a y e r  t h i c k n e s s  a t  x = 0 .  
Displacement  thickness  a t  x = 0 .  
6 o** Momentum th i ckness  a t  x = 0 .  
A Transformed domain of genera l  nonl inear  sys tem of 
PDEs.  
A '  General  symbol fo r  a shea r   l aye r   t h i ckness   pa rame te r .  
A *  (x) Veloc i ty   de fec t   t h i ckness .  Eqn. ( 3 . 4 ) .  
Eddy v i s c o s i t y  i n  t u r b u l e n t  case. 
i n  l a m i n a r  case. 
See Eqn. (2.5.6). S e c t i o n  2 .5  only.  
Value of  E i n  u p p e r  main stream. 
Value of E i n  l ower  secondary  stream o r  q u i e s c e n t  
reg ion .  
Turbu len t  coe f f i c i en t  o f  t he rma l  conduc t iv i ty .  
€/E1 
a n / a i i  
Transformation maps y t o  TI. Sec t ion  1 . 2  on ly .  
See Eqn. (2.4.3). 
Upper  edge  of k t h  s t r i p  i n  . 






Trans fo rmed  gene ra l  non l inea r  pa r t i a l  ope ra to r .  
C o e f f i c i e n t  o f  v i s c o s i t y  
Value of 1-1 i n  upper main stream. 
Value of u i n  l ower  secondary  stream o r  q u i e s c e n t  
re g i  on . 
P / P 1  
Kinemat i c  coe f f i c i en t  o f  v i scos i ty .  
Value of v i n  u p p e r  main stream. 
Value of v in  lower  secondary  stream o r  q u i e s c e n t  
r eg ion .  
V/Vl 
Transformation maps x t o  5. S e c t i o n  1 . 2  on ly .  
mi i 
5 See Eqn. (2.4.3). 
P Density . 
p1 
p 2  
Value of p i n  upper main stream. 
Value of p i n  lower secondary stream o r  q u i e s c e n t  
r eg ion .  
0 J e t  spreading  o r  s i m i l a r i t y   p a r a m e t e r .  
T Long i tud ina l   shea r  stress component. 
@ Thi rd   Ca r t e s i an   coord ina te   o r   ax imutha l   ang le .  
@ V e l o c i t y   p o t e n t i a l .  
rc, Stream func t ion .  
w Chapman v i s c o s i t y   i n d e x .
Subsc r ip t s :  
1 Upper  main stream. 
2 Lower secondary stream o r   q u i e s c e n t   r e g i o n .  
0 Div id ing   s t reaml ine .  
S u p e r s c r i p t s  : 
- ( I / (  I 1  
U Quant i ty   above   d v id ing   s t reaml ine .  
11 Quant i ty   be low  d iv id ing   s t reaml ine .  
V = 0 ;  p lane  case. 




1.1 Def in i t i on   o f  Problem 
The ob jec t ive  o f  t h i s  i n v e s t i g a t i o n  i s  t o  develop a method 
n u m e r i c a l l y  i n t e g r a t i n g  t h e  d i f f e r e n t i a l  e q u a t i o n s  w h i c h  
govern the growth of a f r e e  shear l a y e r  s t a r t i n g  from an arbi- 
t r a r y  i n i t i a l  v e l o c i t y  p r o f i l e .  F i g u r e  1 i s  a diagrammatic 
ske tch  of t h i s  s i t u a t i o n .  The s h e a r  l a y e r  i s  ass'umed t o  de- 
ve lop  under  cons tan t  pressure ,  and  the i n t e r a c t i o n  e f f e c t s ,  
t h a t  would occur a t  t he  o r i g i n  i n  a p h y s i c a l l y  real is t ic  case, 
are overlooked. The i n t e g r a t i o n  scheme w i l l  encompass the  
e f f e c t s  o f  c o m p r e s s i b i l i t y  and heat t r a n s f e r  a t  a r b i t r a r y  
P r a n d t l  number. I t  w i l l  apply t o  both turbulen t  and  laminar ,  
and t o  both axisymmetr ic  and  p lane  f ree  shear  layers .  
The s t u d y  o f ' f r e e  shear l a y e r s  i s  p a r t l y  m o t i v a t e d  by 
t h e i r  w i d e s p r e a d  a p p l i c a t i o n  i n  t h e  Chapman-Korst type  the-  
o r i e s   f o r   s e p a r a t e d   s u p e r s o n i c   f l o w s .  Th i s  group of t h e o r i e s  
o r i g i n a t e d  w i t h  Chapman"? and Kors t ' s  3 ' 4 ' 5  t r ea tmen t  of t h e  
problem of  supersonic  f low over  a r ea rward  f ac ing  s t ep .  
There are a large number of t h e o r i e s  which t reat  t h e  rear- 
ward-facing s tep and the related problem of the supe r son ic  
near-wake using the Chapman-Korst model, and these have been 
e x t e n s i v e l y  reviewed by t h e  a u t h o r  i n  R e f e r e n c e  6.  
I n  t h e  p a s t ,  i n v e s t i g a t o r s  u s i n g  t h e  Chapman-Korst  model 
have taken the i n i t i a l  boundary layer  into account  by s imply 
r e p l a c i n g  t h e  real shear  layer  by  an  equiva len t  asymptot ic  
free shear l a y e r .  T h a t  i s  to  say ,  t hey  approx ima ted  the be- 
l 
L. 
FIG. 1.1 A FREE SHEAR LAYER D W L O P I N G  FROM AN ATTACHED 
BOUNDARY LA YER 
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hav io r  of t h e  real s h e a r  l a y e r ,  b y  t h a t  of a longe r  shea r  
l aye r  o r ig ina t ing  f rom a boundary layer  of zero  th ickness .  
I t  is  p a r t l y  the p u r p o s e  o f  t h i s  i n v e s t i g a t i o n  t o  eva lua te  
t h i s  t y p e  of approx ima t ion ,  pa r t i cu la r ly  wi th  r ega rd  t o  i ts  
estimates f o r  t h e  h e a t  t r a n s f e r  across and  ve loc i ty  a long  
t h e  d i v i d i n g  s t r e a m l i n e ,  i.e. , the  s t reaml ine  which  lies on 
the  in t e r f ace  be tween  the  a i r  previously quiescent  and that  
p rev ious ly  pa r t  o f  t he  a t t ached  boundary  l aye r .  
The m a t h e m a t i c a l  d i f f i c u l t i e s  that  arise i n  a s tudy of  
f r e e  s h e a r  l a y e r s  make it a more i n t e r e s t i n g  p r o b l e m  i n  many 
ways than t ha t  of t h e  boundary  layer.  T h i s  is most  v iv id ly  
i l l u s t r a t e d  by the apparent  non-uniqueness  of  t h e  s o l u t i o n  
t o  the boundary  layer  equat ions  in  the  case of t h e  f r e e  
shea r  l aye r .  
To a p p r e c i a t e  t h i s  s i t u a t i o n  a comparison of t h e  bound- 
a ry  cond i t ions  fo r  t h e  t w o  cases must be made. 
u + u l i   y t w  
u = v = o ; y = o  
Attached boundary layer 
u + u  1 ; y + " "  
u + o  ; y + -  Free she 
v = 0 a t  y = yo (x) 
ar l a y  er 
Note t h a t  the p o s i t i o n  o f  t h e  d i v i d i n g  s t r e a m l i n e ,  y o  (x), 
i s  unknown a p r i o r i ;  a l t h o u g h  t h e  e q u a t i o n s  c a n  b e  s o l v e d  i n  
t h e  x - u p l a n e ,  l e a v i n g  t h e  o r i e n t a t i o n  i n  s p a c e  a r b i t r a r y .  
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It w i l l  be  shown t h a t  i n  order t o  f i x  yo (x ) ,  it is  
necessa ry  to i n v e s t i g a t e  t h e  h i g h e r  order c o r r e c t i o n s  t o  
the   boundary   l aye r   so lu t ions .  This is i n  s h a r p  c o n t r a s t  
t o  the  a t t ached  boundary  l aye r  where the 2erot.h order so lu-  
t i o n  c a n  be de termined  uniquely ,  independent ly  of  the  h igher  
o r d e r  c o r r e c t i o n s .  
The o t h e r  m a i n  m a t h e m a t i c a l  d i f f i c u l t i e s  p e c u l i a r  to 
the problem of the development of free s h e a r  l a y e r s  are 
c o n n e c t e d  w i t h  t h e  s i n g u l a r i t y  a t  t h e  o r i g i n .  T h i s  s i n g u -  
l a r i t y  h a s  two aspec t s .  
(i) The a l g e b r a i c   s i n g u l a r i t y .  
Goldstein '  was t h e  first t o  p o i n t  o u t  t h a t  i f  one spec- 
i f i e s  a n  i n i t i a l  v e l o c i t y  p r o f i l e  a r b i t r a r i l y ,  w i t h o u t  re- 
gard for the  p re s su re  d i s t r ibu t ion  downs t r eam,  then  the  
e x i s t e n c e  o f  a n  a l g e b r a i c  s i n g u l a r i t y  a t  t h e  o r i g i n  s e r i o u s l y  
hampers any attempt t o  con t inue  an  in t eg ra t ion  o f  t he  bound- 
a ry   l ayer   equa t ions   downst ream.   This   occurs   even   wi th   an  
a t tached  boundary  layer .  
I n  t h e  case i n  q u e s t i o n ,  t h i s  s i n g u l a r i t y  i s  e a s i l y  demon- 
strated. Cons ider   the   incompress ib le   boundary   l ayer   equa t ion ,  
V i 2  a 
Now a t  t h e   o r i g i n  ( 0 , O )  it i s  clear t h a t   i n   g e n e r a l  # 0 
and - # 0. But u = v = 0 ,  t h e r e f o r e ,  i n  o r d e r  for  the  above 





(ii) Discon t inu i ty   i n   boundary   cond i t ions  a t  o r i g i n .  
This  s i n g u l a r i t y  is  compounded here by the fact t h a t  a t  
t h e  o r i g i n  t h e  i n i t i a l  c o n d i t i o n s  are s u c h  t h a t  u = 0 and 
T = T at y = 0 ,  b u t  a t  t h e  l i m i t  x $. 0 ,  u -t 0 and T + T2 
as y -t --. However, this a l s o   i m p l i e s   a n   i n f i n i t e  as 




I n  a d d i t i o n ,  t h e  i n f i n i t e  domain and behavior of the 
s o l u t i o n  a t  y -t +- make this a more d i f f i c u l t  p r o b l e m  i n  
numer i ca l  i n t eg ra t ion  than  the corresponding attached bound- 
a r y  l a y e r .  
The case of t h e  t u r b u l e n t  free s h e a r  l a y e r  also pre- 
s e n t s  t h e  d i f f i c u l t y  of f i n d i n g  a s u i t a b l e  e d d y  v i s c o s i t y  
model.  The  most common approach  in  the case of t h e  asymp- 
t o t i c  free s h e a r  l a y e r ,  is  t o  fo l low G5rtler's8 ve r s ion  of 
t h e  Prandt l -Reichard t  'lo cons tan t  exchange  coe f f i c i en t  
theory.  T h a t  i s  t o   u s e  
1 
4 0  
E = 2 ulx 
where u is  a c o n s t a n t ,  known as t h e  j e t  sp read ing  or s i m i -  
lar i ty  parameter ,  which depends on the f r e e  stream Mach 
number. 
However, i n  t h e  case of the  deve lop ing  f r ee  shea r  l aye r ,  
this is n o t  a p a r t i c u l a r l y  u s e f u l  a p p r o a c h ,  s i n c e  u also 
depends  on x and  on  the  shape  of the  i n i t i a l  p r o f i l e .  I n  
a d d i t i o n ,  t h e r e  seems t o  
gards  t h e  v a r i a t i o n  of u 
be cons iderable  confus ion  as re- 
wi th  M1. Therefore, because  of  
5 
these d i f f i c u l t i e s  a new approach was tried. E s s e n t i a l l y  
it is  an  ex tens ion  of Clauser's'' model for t h e  eddy vis- 
c o s i t y  i n  t h e  o u t e r  p a r t  of a turbulen t  boundary  layer .  
1 . 2  A B r i e f  Expos i t ion  on the Method of I n t e g r a t i o n .  
The method used for t h e  numer i ca l  so lu t ion  of the par-  
t i a l  d i f f e r e n t i a l  e q u a t i o n s ,  which govern the  development 
of a free shear l a y e r ,  i s  based on Dorodni tsyn 's  
ex tens ion  o f  Ga le rk in ' s  method f o r  n o n l i n e a r  o r d i n a r y  d i f -  
f e r e n t i a l  e q u a t i o n .  Th i s  method was chosen  mainly  because 
i t  i s  t h o u g h t  t o  have several advan tages  fo r  app l i ca t ion  t o  
the problem a t  hand. Its a p p l i c a t i o n  t o  an ex t remely  var ied  
group of problems, including those governed by e l l i p t i c ,  
pa rabo l i c ,  hype rbo l i c  and  mixed equa t ions  i s  thoroughly 
d i scussed  in  Refe rence  14. 
12,13 
I n  the R u s s i a n  l i t e r a t u r e  the method i s  i n v a r i a b l y  refer- 
red t o  as the  method of i n t e g r a l  r e l a t i o n s ,  b u t  some American 
authors  have called it t h e  GKD (Galerkin-Kantorovich- 
Dorodyni tsyn)  method,  and,  occasional ly ,  the method of weighted 
r e s idua l s .   Desp i t e  i t s  i n c r e a s i n g   p o p u l a r i t y ,  the technique 
i s  s t i l l  subject t o  widespread misunderstanding,  and there- 
fore, it might p rove  use fu l  t o  p r e s e n t  below a brief explan- 
a t i o n  o f  the g e n e r a l  method of attack. 
The numer i ca l  so lu t ion  of a system of p a r t i a l  d i f f e r e n -  
t i a l  equa t ions  us ing  this t e c h n i q u e  t a k e s  p l a c e  i n  t w o  main 
s t e p s .  First, t he  system of p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  
i s  reduced t o  a system of o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .  
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Second,  the  sys tem of  ord inary  d i f fe ren t ia l  equat ions  i s  
i n t e g r a t e d  n u m e r i c a l l y ;  i n  g e n e r a l ,  t h i s  is a much easier 
task .  
This  reduct ion i s  ach ieved  in  the  fo l lowing  way, al- 
though it should be p o i n t e d  o u t  t h a t  t h e  s t e p s  are no t  
n e c e s s a r i l y  c a r r i e d  o u t  i n  t h e  same order for  every prob- 
l e m .  
Consider a set  o f  g e n e r a l  n o n l i n e a r  p a r t i a l  o p e r a t o r s  
Li, which  involve  der iva t ives  wi th  respec t  t o  x and y ,  t o  
arb i t ra ry  order  and  degree .  Cons ider  a system of p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n s  
L . u  1- = Fi(x,y,ulf-------- f uN) 
(1.2.1) 
- u = (U1f """" ,uN) ; i = 1,"-""- ,N 
w i t h  the appropriate  boundary condi t ions,  which i s  t o  be 
i n t e g r a t e d  o v e r  a  domain D. Now suppose it is p o s s i b l e  t o  
f i n d  a t r a n s f o r m a t i o n t f t h a t  maps (x,yful,-------- t o  a 
( 5,rl , v1 f --""" v 1 space  and D t o  A ,  such   t ha t   t he   sys t em n 
(1.2.1) becomes 
A .  v = a i  ( c , ~  , v1 -------- 
1 -  I VN' 
v = (v,,  """" ,vN) ; i = 1,""- - ,N 
.L 
to be i n t e g r a t e d  o v e r  
+ VN 2, be  bounded. 
(1.2.2) 
A. And such t h a t  (TI + v1 + -------- 2 2 
Of course,  9 may be  an  iden t i ty  t rans-  
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formation i f  (y2 + u + -------- 1 + %  2, 1’2 i s  a l r eady  
bounded. The requirement of boundedness is  necessary t o  
e n s u r e  the convergence of  cer ta in  approximating polyno-  
mails. For convenience,  one more r e s t r i c t i o n  i s  placed 
on 7 ; namely t h a t  t h e  transformed domain A , have t w o  
of i ts  sides b e  l i n e s  5 = a and 5 = b, where b may be +m. 





Suppose  the re  ex i s t s  a f u n c t i o n  f i k ( n ) ,  2 - i LN, 1 - k - < M  
i n  each s t r i p   f o r   e a c h  of N - 1  dependent  var iab le  v2----- ?vN,  
s u c h  t h a t  it s a t i s f i e s  the boundary condi t ions and/or  inter-  
f a c i a l  c o n d i t i o n s  t o  be imposed  on t h e  appropr ia te  v i .  Then 
t h e  dependent  var iab les  are approximated by the express ions  
(1.2.3) 
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i n  e a c h  of t h e  M s t r i p s .  Where Pk i s  the order  of  t h e  ap- 
proximating polynomial i n  t h e  k t h  s t r i p .  
I t  s h o u l d  b e  n o t e d  t h a t  i n  many a p p l i c a t i o n s ,  e.g. 
a t tached  boundary  layer  problems,  on ly  one  s t r ip  i s  neces- 
s a r y ,  i.e. E l  = 1, and that  it i s  seldom necessary to  have 
more t h a n  t h r e e  s t r i p s .  
It is  now assumed t h a t  a set  of weight ing  func t ions  
(1.2.4) 
e x i s t ,  s u c h  t h a t  t h e y  are l inear ly  independent  and  p iece-  
wise c o n t i n u o u s  a c r o s s  t h e  s t r i p s . *  A f u r t h e r  r e s t r i c t i o n  
on t h e  class of weight ing  func t ions  w i l l  be in t roduced  be- 
l o w .  A l s o  the  meaning of t h e  symbol Q w i l l  be  explained.  
Next, the fo l lowing  set  of (N-1)P equa t ions  is con- 




*Actual ly  it is p r o b a b l e  t h a t  t h e  class of  weight ing func-  
t ions  could  be  ex tended  t o  inc lude  gene ra l i zed  func t ions ,  
such as the Dirac d e l t a  f u n c t i o n .  
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Each equa t ion  
w i t h  r e s p e c t  t o  n 
M 'k 
i n  t h e  s y s t e m  ( 1 . 2 . 5 )  is now i n t e g r a t e d  
from n = o0 t o  n = nMf i.e. 
( 1 . 2 . 7 )  
The add i t iona l  r equ i r emen t  on t h e  set  of we igh t ing  func t ions  
i s  now in t roduced .  They are t o  be p icked  in  such  a way t h a t  
t h e  dependent variable v1 be e l imina ted  f rom the  equa t ions  
(1.2.7). 
The approximating expressions ( 1 . 2 . 3 )  are now s u b s t i t u t e d  
i n t o  the system ( 1 . 2 . 7 ) .  The i n t e g r a t i h s  i n  ( 1 . 2 . 7 )  are 
carried out a n d  t h e  r e s u l t  i s  a set of f N - 1 ) P  ord ina ry  d i f -  
f e r e n t i a l  e q u a t i o n s .  The dependent variables of t h i s   s y s t e m  
of ( N - l ) P  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  are the c o e f f i c i e n t s  
of (1.2.3) i.e. aikg ( 5 )  of  which there are (P-Q) ( N - 1 ) .  The 
remaining Q(N-1) variables are p a r t l y  made up of  those  of 
t h e  rl ( E )  which are undetermined  in  advance. However, o f t e n  
some of t he  aikL ( 5 )  can be e l imina ted  by  means of i n t e r f a c i a l  
cond i t ions ,  so it is p o s s i b l e  for  the number Q t o  end up 
negat ive .  
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The resu l t ing  approximat ing  sys tem of o r d i n a r y  differ- 
e n t i a l  e q u a t i o n s  are now i n t e g r a t e d  by an appropriate  numer- 
ical  method on  an  e l ec t ron ic  d i g i t a l  computer. 
The p rocedure  ou t l ined  above can be g e n e r a l i z e d  t o  h i g h e r  
dimensions. 
10 
The advantages  of  th i s  technique  are: 
(a) I t  makes use  of  the  wel l -deve loped  area of  numerical  
in tegra t ion  of  sys tems of o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s .  
( b )  I n  e f f e c t ,  i n  t h i s  method i t  is  an i n t e g r a l  which i s  
being  approximated. The accuracy  of  approximation i n  t h i s  i s  
i n c r e a s e d  t o  some e x t e n t  as a r e s u l t  of a d e c r e a s e  i n  t h e  
c o e f f i c i e n t   o f   t h e   r e m a i n d e r  term. I n  a d d i t i o n ,  a n  i n t e g r a l  
r e p r e s e n t s  a smoother  func t ion  than  the  in tegrand  func t ion .  
F i n a l l y ,  t h e  i n t e g r a l  h a s  c o n t i n u o u s  r e p r e s e n t a t i o n  e v e n  when 
the  in t eg rand  func t ion  has a f i n i t e  d i s c o n t i n u i t y .  
(c) The n u m e r i c a l   i n s t a b i l i t y ,   o f t e n   e n c o u n t e r e d  when 
f i n i t e  d i f f e r e n c e  t e c h n i q u e s  are employed,  can  be  avoided. 
1 . 3  A Shor t  Survey  of  Theore t ica l  S tudies  on Free Shear  
"
Layers 
From a mathematical v i ewpo in t  f r ee  shea r  l aye r s  may be  
d i v i d e d  i n t o  two main classes; namely, plane shear l a y e r s  w i t h  
s t e p - t y p e  i n i t i a l  c o n d i t i o n s ,  v i s - a - v i s  t h o s e  t h a t  f a l l  o u t s i d e  
t h i s  c a t e g o r y .  The d i s t i n c t i o n   t h e   f o r m e r   g r o u p   e n j o y s  i s  t h a t  
of s e l f - s i m i l a r i t y ,  t h a t  i s  t o  s a y  there e x i s t s  a t r ans fo rma t ion  
o f  t h e  i n d e p e n d e n t  v a r i a b l e s  s u c h  t h a t  t h e  v e l o c i t y  and 
t e m p e r a t u r e  p r o f i l e s  are inva r i an t  w i th  long i tud ina l  d i sp l acemen t .  
Mathematically t h i s  i m p l i e s  t h a t  the governing equat ions can be 
r educed  to  a s y s t e m  o f  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s ;  i n d e e d ,  
i f  t h e  P r a n d t l  N u m b e r  i s  taken  as one, a s i n g l e  e q u a t i o n  w i l l  
r e su l t .   Because   o f  this e s s e n t i a l  s i m p l i f i c a t i o n  a n d  b e c a u s e  
f r e e  s h e a r  l a y e r s  d e v e l o p i n g  f r o m  a r b i t r a r y  i n i t i a l  c o n d i t i o n s  
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t end  toward  the  self -similar state as t h e  d i s t a n c e  downstream 
a p p r o a c h e s  i n f i n i t y ,  t h e  p l a n e  free s h e a r  l a y e r  w i t h  s t e p - t y p e  
i n i t i a l  c o n d i t i o n s ,  u s u a l l y  r e f e r r e d  to  as t h e  a s y m p t o t i c  h a l f -  
j e t ,  has been a widely s tudied problem. 
I f  i n  the t u r b u l e n t  case t h e  eddy v i s c o s i t y  i s  approximated 
by Prandt l ’ s  mix ing  length  model ,  the  govern ing  equat ions  reduce  
t o  a l i n e a r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n ,  w h i c h  w a s  f i r s t  
der ived  and  solved by Tollmienl’ i n  1 9 2 6 .  However, it was 
l a t e r  r e a l i z e d  that  the mixing length formulat ion i s  u n s a t i s -  
f ac to ry  fo r  f r ee  mix ing  p rob lems  and a new eddy viscosi ty  model ,  
based on t h e  i d e a  o f  c o n s t a n t  e x c h a n g e  c o e f f i c i e n t s ,  was proposed 
by Reichardt’   and  Prandt l” .   Using  this  new model G o r t l e r  8 
so lved  the  a sympto t i c  ha l f - j e t  p rob lem:  first d e r i v i n g  a non- 
l i n e a r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n ,  and t h e n  i n t e g r a t i n g  it 
a n a l y t i c a l l y ,  by e x p a n d i n g  t h e  s o l u t i o n  i n  terms of t h e  small 
u, - u, 
parameter  I L 
u1 u *  2 
Owing t o  i t s  i n s t a b i l i t y  t h e  homogeneous incompress ib le  
l amina r  f r ee  shea r  l aye r  does  no t  occur  in  na tu re :  consequen t ly  
it d i d  n o t ,  a t  f i r s t ,  r e c e i v e  t h e  a t t e n t i o n  a c c o r d e d  i t s  
t u r b u l e n t   c o u n t e r p a r t .  On t h e  other  hand,  the  inhomogeneous 
case  i s  of p rac t i ca l  i n t e re s t  i n  me teo ro logy ,  oceanography ,  and 
t o  cer ta in  p r o c e s s e s  i n  c h e m i c a l  e n g i n e e r i n g :  a n d  f o r  t h i s  
reason was t ack led  by Keulegan16  and  Lock17. I n  a d d i t i o n  t h e  
homogeneous problem w a s  cons idered  by Lessen1* i n  t h e  c o u r s e  o f  
a s t a b i l i t y  s t u d y .  I n  c o n t r a s t ,  a t  supersonic   speeds   the   l aminar  
f ree  s h e a r  l a y e r  becomes s t a b l e ,  and i t s  o c c u r r e n c e  i n  many 
12 
separa ted  f low phenomena l ed  to  the  numer i ca l  s tudy  o f  Chapman . 
More r e c e n t l y ,  Crane2 '  has  extended Gort ler ' s8  series s o l u t i o n  
in to  the  compress ib le  reg ime:  and  MillsZ1, as w e l l  as Jacques 
and Gai l ly22 ,  have  presented  accurate n u m e r i c a l  s o l u t i o n s  f o r  
t he  gene ra l  compress ib l e  l amina r  and  tu rbu len t  free s h e a r  l a y e r .  
The t h e o r e t i c a l  methods fo r  so lv ing  the  p rob lem of f r e e  
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shea r  l aye r s  deve lop ing  f rom non-s t ep - type  in i t i a l  cond i t ions  
may b e  f u r t h e r  s u b d i v i d e d  i n t o  f i v e  classes. 
1. Methods based   on   l oca l   coo rd ina te s   a t   t he   o r ig in :  
I n s p i r e d  by Goldstein 's '  t reatment  of  the problem of  the 
wake behind a f l a t  p l a t e ,  Denison and B a ~ m ~ ~  dealt  w i t h  t h e  
s i n g u l a r i t y  a t  t h e  o r i g i n  by t ransforming  the  independent  
v a r i a b l e s  i n  o r d e r  t o  b e g i n  t h e i r  n u m e r i c a l  i n t e g r a t i o n ,  w h i c h  
was cont inued by  means of f i n i t e  d i f f e r e n c e s .  T h e i r  p a p e r  
p r e s e n t s  t h e  o n l y  a c c u r a t e  s o l u t i o n  t o  date f o r  t h e  d e v e l o p i n g  
f r e e  s h e a r  l a y e r ;  a l b e i t  u s i n g  o n l y  t h e  B l a s i u s  p r o f i l e  a s  
i n i t i a l  c o n d i t i o n ,  w i t h  P r a n d t l  Number s e t  as one,  and determining 
t h e  c o e f f i c i e n t  of v i s c o s i t y  by the crude assumption LI .. T .  
Later B a ~ r n ~ ~  showed how t h e i r  a n a l y s i s  c o u l d  be extended t o  t h e  
case of t h e  self-similar b lowing  p ro f i l e  as i n i t i a l  c o n d i t i o n .  
2 .  Momentum-Integral  Methods : 
The s o l e  c o n t r i b u t i o n  t o  t h i s  c a t e g o r y  i s  due t o  Kubota 
and Dewey2', Their  method  employs two f r ee   pa rame te r s ,   u s ing  
as t h e  two governing equations momentum-integral  relations 
v a l i d  above  and  below t h e  d i v i d i n g  streamline r e s p e c t i v e l y .  
T h e i r  r e s u l t s  compare ra ther  poor ly  t c  those of Denison an2 Baxm. 
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3 .  Methods based on l i nea r i za t ion  o f  equa t ions  o f  mot ion :  
Taking note  of the success  of  Gor t le r8  and  P a i l s  26 
a p p l i c a t i o n  o f  small p e r t u r b a t i o n  t e c h n i q u e s  t o  t h e  a s y m p t o t i c  
ha l f - j e t  p rob lem,  Chapman and K ~ r s t * ~  advanced the following 
l i n e a r i z a t i o n  o f  t h e  momentum equa t ion  
This  can be t ransformed into a form o f  t h e  h e a t  e q u a t i o n  a n d  
i n t e g r a t e d  a n a l y t i c a l l y .  The b a s i c  method w a s  e x t e n d e d  t o  
compress ib l e  tu rbu len t  i so -ene rge t i c  shea r  l aye r s  by Kors t  
e t  a1 .28 ;   t hen   t o  t h e  non- i soenerge t ic  case by  Page ; and 
f ina l ly  to  two-s t r eam mix ing  by Korst   and Chow . 
29 
30 
4. The Vir tua l   Or ig in   Approximat ion:  
The b a s i c  i d e a ,  which was f i r s t  i n t r o d u c e d  by  Kirk3: i s  t o  
r e p l a c e  t h e  real  s h e a r  l a y e r  by an  asymptot ic  ha l f - je t  g rowing  
from a v i r t u a l  o r i g i n  u p s t r e a m  o f  t h e  real one.  Subsequently 
N a ~ h ~ ~  and Hill33r34 have  re f ined  and  improved  on  the  or ig ina l  
Kirk method. 
5 .  Equivalent  Bleed  Approximation: 
This  concept w a s  f i r s t  u s e d  by C a r r i e r e  a n d  S i r i e i x  . 35 
The i d e a  i s  t o  r e p l a c e  t h e  r e a l  s h e a r  l a y e r  by an  equ iva len t  
a s y m p t o t i c  h a l f - j e t  s t a r t i n g  from t h e  same o r i g i n ,  b u t  h a v i n g  
a small  amount of mass f l u x ,  w i t h  an  a t t endan t  momentum f l u x ,  
somehow in te rposed  be tween the  a i r  i n  t h e  u p p e r  stream and 
t h a t  e n t r a i n e d  f r o m  t h e  q u i e s c e n t  r e g i o n .  G ~ l i k ~ ~ ,  and  Korst  
and Chow3', have  a l so  g iven  th i s  t ype  of approximation some 
a t t e n t i o n .  
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From this brief and inadequate survey it could perhaps 
be i n f e r r e d  that  t h e  problem of t he  genera l  deve loping  f ree  
shear l a y e r  has n o t  as y e t  b e e n  t r e a t e d  s a t i s f a c t o r i l y . *  I t  
i s  the  purpose of the  i n v e s t i g a t i o n  h e r e i n  p r e s e n t e d  t o  go 
some o f  the  way toward  cor rec t ing  this s ta te  of affairs  by 
provid ing  a reasonably accurate  numerical  s tudy of the 
development  of the general  compressible  free shear l a y e r .  
*A complete survey and c r i t i q u e  o f  the theory  of  f ree  shear 
l a y e r s  i s  p resen ted  by the  a u t h o r  i n  r e f e r e n c e  37. 
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2. GENERAL ANALYSIS 
2 . 1  Governing  equat ions 
I n  t h e  c a s e . o f  t h e  l a m i n a r  a s y m p t o t i c , f r e e  s h e a r  l a y e r ,  
i .e. o n e  w i t h  n o  i n i t i a l  b o u n d a r y  l a y e r  v e l o c i t y  p r o f i l e ,  i t .  
can be shown. rigorously by means o f  a s y m p t o t i c  a n a l y s i s  t h a t ,  
i n  t h e  l i m i t  of  Rel  -f m, t h e  s o l u t i o n  o f  t h e  e q u a t i o n s  shown 
be low (v iz .  the  regular  compress ib le  boundary  layer  equat ions)  
f u r n i s h e s  t h e  z e r o t h  o r d e r  terms i n  an asymptotic expansion of 
t h e  s o l u t i o n  of t h e  f u l l  N a v i e r - S t o k e s  e q u a t i o n s .  F o r  a t u r -  
b u l e n t  f r e e  s h e a r  l a y e r  it i s  g e n e r a l l y  assumed t h a t  t h e  terms 
in  the  averaged  Navier -S tokes  equat ions  involv ing  the  mean 
q u a n t i t i e s  are o f  t h e ,  same o r d e r  as t h e i r  c o u n t e r p a r t s  i n  t h e  
l a m i n a r  f r e e  s h e a r  l a y e r .  
However, t h e  case of t h e  free shear layer  developing from 
a g iven  boundary  l aye r  ve loc i ty  p ro f i l e  i s  somewhat d i f f e r e n t .  
The e x i s t e n c e  of t h e  s i n g u l a r i t y  a t  t h e  o r i g i n  means t h a t  i n  a 
small r eg ion   a round   t he   o r ig in ,  = (I(-). T h i s  fac t  i n v a l i -  au au 
a Y  
d a t e s  t h e  u s e  of the r egu la r  boundary  l aye r  equa t ions  in  t h i s  
r e g i o n .   I n . a c t u a l i t y ,   t h e   b o u n d a r y   l a y e r   e q u a t i o n s  would cease  
t o  b e  v a l i d  a t  a d i s t a n c e  O(= ) ups t ream f rom the  or ig in .  
J R e l  
I n  th i s  r eg ion  the  boundary  l aye r  would no longer  behave para-  
b o l i c a l l y  and  would start  t o  a d j u s t  i t s e l f  t o  t h e ' p r e s e n c e  of 
t h e   t r a i l i n g   e d g e .   I n   a d d i t i o n ,  a c o m p l i c a t e d   i n t e r a c t i o n  w i t h  
the  boundary  layer  on  the  rearward  fac ing  base wal l ,  involv ing  
the formation of  a separation shock wave, would occur in most 
real  i n s t a n c e s  of s u p e r s o n i c  f l o w  o v e r  r e a r w a r d  f a c i n g  s t e p s  
16 
I 
F I G .  2.1 THE INTERACTION PROCESS AT THE TRAILING EDGE 
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and r e l a t e d   c o n f i g u r a t i o n s ? *  39 ' 40  See Fig .  2 . 1 .  In  what 
f o l l o w s  t h e s e  i n t e r a c t i o n s  are ignored ,  and  the  r egu la r  boun- 
d a r y  l a y e r  e q u a t i o n s  are assumed t o  b e  val id  th roughou t  t he  
reg ion  of i n t e r e s t .  T h i s  a t t i t u d e  c a n  b e  j u s t i f i e d  by no t ing  
t h e  small e x t e n t  o f  t h e  i n t e r a c t i o n  r e g i o n  i n  most cases. 
The  boundary l a y e r  e q u a t i o n s  f o r  c o m p r e s s i b l e  s h e a r  l a y e r s  
d e v e l o p i n g  u n d e r  c o n s t a n t  p r e s s u r e  c a n  b e  w r i t t e n  i n  t h e  f o l -  
lowing form. 
where 
0 :  p l ane  
1 :  axisymmetric 
y =  
v :  laminar  
w =  
v ( l  + -) : t u r b u l e n t  p ' v '  
P V  
p ,  m o l e c u l a r  v i s c o s i t y  : l aminar  
eddy v i s c o s i t y  : t u rbu len t**  
E =  
c u  
l aminar   Prandt l  number = 1, 
P r  = n C E  
t u r b u l e n t  P r a n d t l  number = 
(2.1.1) 
(2.1.2) 
(2 .1 .3 )*  
*Eqn. (1.3.3) is  de r ived  by mul t ip ly ing  the energy  equat ion  w r i t -  
t e n  i n  terms of temperature  by C and  ad,di-ng it t o  Eqn. (1 .3 .2)  
times u. 
* * S t r i c t l y  t h e  molecu la r  v i scos i ty  shou ld  also- be inc luded ,  how- 
ever it only  becomes comparable t o - t h e -  e d d y  v i s c o s i t y  a t  t h e  
edges of the  shear - layer .  where  both  are-neg$igiblp small. 
P- 
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A t  = eddy  conductivity  coefficient 
h =. C T = .specific  enthalpy 
H = C T = C T + - = specific  total  enthalpy 
P . .  
2 U 
P O  P 2 
and ro is the  displacement 0f.x-axis ,from  axis of. symmetry. 
See  Fig. 1.1. 
The.  appropriate  boundary  conditions  are  .given  by: 
u + u  1 
H -f H1 
y + +a 
.u -f 0 y -+ -m 
B -f H2 
Plus arbitrary  initial  conditions. 
u = ui (y) : 
a t x = O  
H Hi (y) : 
(2.1.4) 
(2.1.5) 
2.2' Asymptotic  behavior  of  solutions 
It is  necessary  in  the  main  body  of  the  analysis 
to  have  a  knowledge of the  asymptotic  behavior of - and H 




Introduce  a  stream  function JI, such  that 
whence  the  continuity  equation  is  automatically  satisfied, 




u -f u1 as y + +m 
i .e. 
I n t e g r a t i o n  y i e l d s  
(2.2.3) 
( 2 . 2 . 4 )  
where  f l (x )  i s  some unknown f u n c t i o n  of x. 
Hence i n  t h e  limit y -+ +a, eq. ( 2 . 2 . 2 )  becomes 
(2.2.5)  
The first term i s  z e r o ,  s i n c e  u1 i s  cons tan t ,  and  there 
are two p o s s i b i l i t i e s ,  v i z .  
V 
dro (i) ro = c o n s t .  i . e .  - = V dx ( 2 . 2 . 6 )  
V 
(ii) - dro # 0 ( 2 . 2 . 7 )  
T a k i n g  t h e  f i r s t  p o s s i b i l i t y ,  e q u a t i o n  ( 2 . 2 . 5 )  reduces to 
dx 
i n t e g r a t i n g  o n c e  y i e l d s  
a 1 df 1 - (- a Y  v a Y  v dx v a Y  1 9) r -"  (- 2) + cons t .  : y -f +a 
p r o  ro  €1 '0 
o r  
au 1 df 1 
a Y  v dx - Q + "  (ul - u)  : y -+ OJ 
ro €1 
( 2 . 2 . 9 )  
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.Turning  to the  second case, (2.2.7),  eq.  (2.2.5)  reduces 
to 
or 
d au - a au 
dx a Y  a Y  a Y  - plul v -. (1og.r~) y - - - I E  -1 (2.2.10) 
integrating once  gives 
1 v - (log ro) {y u - 1 u1 d y l  =. -  a u  + const. d - -  'lUl dx €1 a Y  
i.e. 
Now  consider  the  asymptotic  behavior  when y +- - m  
whence 
JI Q -gl(x)  as y -+ -m 
where  g(x) is  some  unknown  function. 
In  which  case,  equation  (2.2.2)  reduces  to 
integrating  once  obtains 
au 1 dgl 
a Y  v dx 
€2'0 






The,  asymptotic  behavior f H can  be  established by observ- 
ing  that  if Pr = 1, then  equation (2.1.3) becomes 
21 
aH aH p(u ax + w “1 = - a ( E  -) aH aY aY aY (2.2.16) 
Whence on comparison  with  equation (2.1.2) it can  be  seen 
that  the  solution  to  equation (2.2.16) is 
H = A + B u  
where 
A = H2 




in  view  of  the  boundary  conditions (2.1.4). 
The  Prandtl  number  for  air  is  close to 1, and  moreover 
the  neglected  term  of  equation (2.1.3) involves - which  is 
zero  in the  limits  y + +”. Therefore  equation (2.2.17) should 
represent  the  asymptotic  behavior f H. 
au 
aY 
It is also  necessary  to  have  some knowledge of the  asymp- 
totic  behavior  of  w  as y -t - +m in  order  to  fix  the  position  of 
the  dividing  streamline.  See  section 2.5. 
drO First consider the case of = 0. 
From eqn. (2.2.4 and 1) is  obtained  the result 
similarly  from  eqns. (2.2.13 and 1) 
w = ”  dgl + o(1)  : y + - m  
P 2 r 0  dx 
(2.2.20) 
(2.2.21) 
In  order to obtain  additional  terms  in  asymptotic  expan- 
sions for w as  y -+ +m, the  expressions  for - must  be  integrated. 





where . df. 
. 
I J. f2 = - 
ro €1 
v d x  
integrating  again  with  respect  to  y  leads  to 
Pp-0 'f2Y V + o(e-Y) : y + - (2.2.23) V J, = 'plulrO y + fl (x) + -e 
2 
Thus  from eqn. (2.2.1) 





92"- - v dx 
Turning to the  case  where d r ~  + 0. Integrating  eqn. 
(2.2.11) once  yields  the  following  result. 
(2.2.26) 
where 
'lUl d f3 (x) = -- dx (log ro) 






arf (x) Q 1 - e. 1 
J;;X 2x 
. [ 1 - 2 +  "-3 : x + (2.2.28) 
substituting  this  asymptotic  expansion.into eqn.  (2.2.27) 
results  in  the  following  expansions  for J, 
2 f3 -Y 2 
$ = PlulrOy + fl(x) - - '1 e Y [ 1" 1 + ""J : y + m  
(2.2.29) 
f3Y2 
Therefore  from  eqn.  (2.2.1) 
+ o(ye-Y : y + m  (2.2.30) 
The  behavior of w at  the  lower  limit  is  similar  to eqn.  (2.2.25). 
2 . 3  Derivation of the  integral  relations 
This  step  is  roughly  equivalent  to  obtaining  the  system  of 
equations  (1.2.71,  except  that  the  application of transformation 
7 and the  division  into  strips i . left  to  the  next  section. 
Suppose  there  exists  a  set of weighting  functions  f.(u) 
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which  are  linearly  independent  and  piecewise  continuous  in u. 
An additional  requirement  will  be  imposed  later.  Now  multiply 
equation  (2.1.1)  by f . (u) , and  equation  (2.1.2) by rg  and 
integrate  their  sum  with  respect o y  from -m to +a. Thus  the 
df I 
3 
following  system  of  equations  are  obtained. 
24 
I 
Now it  is  required  that  f.(u)  be  such  that 
3 
fj(U1' = fj ( 0 )  = 0 (2.3.2) 
whence  integrating  the  right-hand  side by parts  equation 
(2.3.1) becomes 
(2.3.3) 
Consider  a  second set of  weighting  functions gk(u), or 
equivalently  gk(H), with  the  same  requirements.  Multiply 
equation (2.1.1)  by  gk  (H)  and equation (2.1.3)  by ro gk (H) , 
add  and integrate  with  respect  to  y  from -m to +m. Thus a 
second  system of equ-a-tions are obtained, viz. 
u d  
k = 0,1,2, --- (2.3.6) 
Note  that one of  the  three  dependent  variables,  namely 
w, has  been  eliminated, and two  sets of integral  relations, 
equation (2.3.3)  and equation (2.3.6) replace  the  original 
partial  differential  equations. 
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2.4 Reduction of integral  relations to a  system of first 
order ordinary  differential  equations. 
1. As a  first step, it.is necessary to cast  equations (2.3.5) 
and (2.3.6) into  non-dimensional  form. In this  way  the  follow- 
ing  systems of equations  are  obtained. 
(2.4.1) 
jt: 0,1,2, --- 
k = 0,1,2, --- (2.4.2) 
- - 
w h e r e x = E ,   y = E ,   u = -  - u  , H e -  - H  - P  ! P "  , E = - and 
L is  some  characteristic  length  scale. 
- E 
"1 H1 Q1 €1 
The  integration of the  left hand  sides of equations 
(2.4.1) and (2.4.2) will  be  greatly  facilitated  if  the  inte- 
grand  contains  only  known  functions of 5. Therefore  the 
following  transformation  is  made. 
6 = [F iv  dL , r l  = ,iFo 'dy 
whence  equations (2.4.1) and (2.4.2) become 
(2.4.3) 
(2.4.4) 





k = 0,1,2, --- 
It  also  is  necessary to ensure  boundedness  of the domain. 
This  is  achieved  by  carrying  out  the  following  transformation. 
( E r n )  + ( E , 3  (2.4.6) 
resulting in the  systems of equations  given  below. 
1 1 
(2.4.7) 
j = 0,1,2, --- 
and 




2, Partly  because of the  difficulty  with  the  boundary  condition 
discontinuity at the origin, and in.part owing to the asymptotic 
behavior  of 5 ( <  ,u) and E ( S  , G I  , .it is-virtually a  necessity to 
divide  the  domain  into  two  strips.  The  dividing  streamline 
yo(x)  provides  a  logical  choice  for  the  interface. 
Designating  quantities  in  the  upper  and  lower  strips by 
superscripts  u  and R respectively,  the  following  choices for 
weighting functions-are-made. 
where 
gku(E) = H -k+l - 
j =  0,1,2,3, --- 
: H > E O  





Leaving  to one  side the.case of dx ro f 0, the  dependent 






(2 .4 .14)  
(b) E’( slU) = {A + (1 - A )U} dQ  (6)u   :u  e uo “R-1 - 
!&=l 
The f u n c t i o n s  of t h a t   p r e m u l t i p l y   t h e   p o l y n o m i a l s   i n  
equations  (2.4.13, 1 4 )  are de te rmined  f rom the  ana lys i s  i n  
s e c t i o n  2 . 1 ,  s p e c i f i c a l l y   e q u a t i o n s  (2.2.9 a n d   1 5 ) .   S t r i c t l y  
speaking,  the  expansion in (2.4.13a and 14a) should be i n  
terms of powers of (1 - ii) , b u t  t h i s  makes n o  p r a c t i c a l  d i f -  
ference.  
The c o e f f i c i e n t s  b % ( c )  can be obta ined  as func t ions  of  
t h e  ag ( E )  and Go( E ) ,  by  r equ i r ing  con t inu i ty  of ii and i t s  
derivatives w i t h  r e s p e c t  t o  y a t  the interface,  o r  equiva- 
l e n t  ly 
(2.4.15) 
S i m i l a r l y ,  d ( E) are found i n  terms of cp. ( 5)  , by re- E 
qu i r ing   con t inu i ty   o f   and  i t s  d e r i v a t i v e s .  
I t  is  p o s s i b l e  t o  r e d u c e  a l l  t h e  q u a n t i t i e s  i n  e q u a -  
t ions (2.4.7 l 8)  t o  f u n c t i o n s  of 5 and u. For i n s t a n c e  , 
T =  ( 1 + m )  E - m u  -2 
where 
(2 .4 .16 )  
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Tu, o r   S u t h e r l a n d ' s  l a w  i s  used : laminar  
p e (  5)  : t u r b u l e n t  
E = {- 
(2.4.18) 
e ( 5 )  i s  known as the  k inemat ic  eddy v iscos i ty ,  and  i s  gener- 
a l l y  assumed t o  b e  c o n s t a n t  a c r o s s  t u r b u l e n t  f r e e  s h e a r  
l a y e r s .  
Equat ions (2.4.10 t o  18)  are now s u b s t i t u t e d  i n t o  e q u a -  
t ions  (2 .4 .7   and 8 ) .  The r e s u l t  i s  a system  of  f i rs t  o r d e r  
n o n l i n e a r  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s ,  w i t h  Go, al, 
a2'""" , apl; cl,------ C as depe 'ndent   var iables .  P1 + p3 
1 of these equa t ions  are furnished by equat ions ( 2 . 4 . 7 ) ,  
the   remaining P3 came frdm  equat ions  (2 .4 .8) .  The system 
can  be  represented  succ inc t ly  by us ing  a mat r ix  formula t ion ,  
i .e. 
( 2 . 4 . 1 9 )  
summing r e p e a t e d  i n d i c e s  
where A i j  and Ci depend on 5 and the dependen t  va r i ab le s ,  
and B are t h e  first de r iva t ives  o f  t he  dependen t  va r i ab le s  
w i t h  r e s p e c t  t o  5.  
j 
A s  t h i n g s  s t a n d ,  the matrix Aij is s i n g u l a r  a t  5 = 0.  
This  i s  because of t h e  s i n g u l a r i t y  a t  t h e  o r i g i n ,  which re- 
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This  - d i f f i c u l t y   c a n  be overcome by r e p l a c i n g  B1 by 
duo o r  e q u i v a l e n t l y  making a change of dependen t  va r i ab le  i Ns -
0 dE Ns+l 
from Go t o  - i n  t h e  s y s t e m  ( 2 . 4 . 1 9 ) .  Ns = 1 when 
a o ( 0 )  # 0 ,  i . e .  a r e g u l a r  p r o f i l e ;  a n d  Ns = r+2 when a ( 0 )  = 0,  
i .e. a power-law p r o f i l e .  T h i s  p r o c e d u r e  c a n  b e  s e e n  t o  b e  
e q u i v a l e n t  t o  t h e  l o c a l  c o o r d i n a t e s  u s e d  by B a ~ m ~ ~ ,  b u t  h a s  t h e  
1 -  
Ns+l uo 
r 
advan tage   o f   s imp l i c i ty   and   f l ex ib i l i t y .  The d i s c o n t i n u i t y  
in  the  boundary  condi t ions  on E, i s  handled by s e t t i n g  c ( 0 )  = 1 
X W f  where X = HJ_H2. 
dro = 0 i s  more complicated.  The t r o u b l e  i s  
dx 
3 .  The case of  - 
t h a t   e q u a t i o n  (2 .2 .11)  shows 
( 2 . 4 . 2 0 )  
b u t   t h e   f a c t   t h a t  i s  s i n g u l a r  a t  t h e   x - a x i s   p r o h i b i t s  
t h e  use of  an approximation l ike 
v ( 1 - 3  
( 2 . 4 . 2 1 )  
nea r  y = 0 ,  o r  u = u . "
0 
Because  of t h i s  d i f f i c u l t y ,  two a l t e r n a t i v e s  are pro- 
posed. 
(i) U s e  the   approximation  (2 .4 .13a)  , s i n c e  u + 1 much 
f a s t e r  t h a n  y + +m,  and  s ince  eqns.  ( 2 . 4 . 7  and 8 )  are 
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t h e  same i n  t h e  two cases. However, t h i s   app roach  is  r e a l l y  
n o t  c o m p l e t e l y  s a t i s f a c t o r y .  
(ii) Divide t h e  domain i n t o  t h r e e  s t r i p s ,  i n  which 




u < u y l ,  - : su (  5,U) = c a,( t ) u  4-1 (2.4.23) 
0 -  E= 1 
where iir i s  some a r b i t r a r y  c o n v e n i e n t  c o n s t a n t  number, say 
0 .7 .  
I t  w i l l  a l s o  be necessa ry  to  mod i fy  the  t r ans fo rma t ion  
(2.4.3) i n   t h e   t h i r d   s t r i p  (2.4.24). Thus (2.4.3) i s  re- 
placed  by - 
Y 
5' = 5 , rl' = / ~ r o v ~ d ~  
0 
(2.4.25) 
The above procedure does n o t  n e c e s s a r i l y  i n v o l v e  any 
add i t iona l  dependen t  va r i ab le s ,  because  p rov id ing  P2 2 P2' 
and P t h e  bQ ( 5 )  and a t  least some of t h e  all1 ( 5 )  can be 




a y ( n )  
- f o r  n = 0 ,  1, ------ N ,  N c P2 I or  P1, a t  t w o  i n t e r -  
f aces .  However, t h e r e  i s  one   d i f f icu l ty?   namely ,  it is 
now necessary  t o  know the  va lue  o f  yo? i .e. t h e  d i s p l a c e -  
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ment of  the dividing s t reamline from the x-axis ,  t o  relate 
t h e  a&'  t o  t h e  a&. 
I n  section 2.5  it is  shown t h a t  yo may be determined 
by the  s tep-by-s tep  numer ica l  in tegra t ion  of a f i r s t - o r d e r  
o r d i n a r y   d i f f e r e n t i a l   e q u a t i o n .   T h u s ,  t h i s  second  proce- 
dure  is  f e a s i b l e .  However, no numerical r e su l t s .  have  ye t  
been obtained by fol lowing it. 
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2.5 The Locat ion of the  Div id ing   S t reaml ine  
1. It may be recalled that Lock17  used the r e q u i r e m e n t  t h a t  
the normal stress b e  c o n t i n u o u s  t o  f i x  t h e  p o s i t i o n  of t h e  
d i v i d i n g  s t r e a m l i n e  f o r  t h e  case of incompressible inhomogeneous 
mixing .   In  t he  homogeneous case he found t h a t  the c o n t i n u i t y  
cond i t ion  was a u t o m a t i c a l l y  s a t i s f i e d ,  a n d  c o n c l u d e d  t h a t  t h e  
p o s i t i o n   o f  t h e  i n t e r f a c e  w a s  i nde te rmina te .  However, t h i s  
a u t o m a t i c  s a t i s f a c t i o n  ceases t o  o c c u r  when the h i g h e r  o r d e r  
c o r r e c t i o n  terms t o  t h e  boundary  l aye r  so lu t ion  are considered.  
This  fac t  a l l o w s  L o c k ' s  p r i n c i p l e  t o  be extended t o  c o m p r e s s i b l e  
homogeneous mixing. 
The e x t e n d e d  p r i n c i p l e  may b e  s t a t e d  as fol lows:  
The d iv id ing  s t reaml ine  must  be so  o r i e n t e d  t h a t  t h e  d i s -  
p lacement  e f fec ts  of  the  shear l a y e r  on the  main and secondary 
streams l e a d  t o  a h i g h e r  o r d e r  c o r r e c t i o n  t o  t h e  p r e d i c t e d  f l o w  
f i e ld  main ta in ing  a continuous normal stress a t  t h e  i n t e r f a c e .  
In  o rde r  t o  app ly  and  unde r s t and  t h i s  p r i n c i p l e ,  it is  
n e c e s s a r y  t o  go through the  mot ions  of  an  asymptot ic  ana lys i s  
of   the  Navier-Stokes  equat ions.   This  w i l l  be done f o r  t h e  case 
o f  i n t e r e s t ,  namely t h a t  o f  a shear layer  developing between a 
q u i e s c e n t  f l u i d  a n d  a stream p a r a l l e l  t o  a f r e e  s t r e a m l i n e .  The 
fo l lowing  expos i t i on  i s  an  ex tens ion  o f  ideas f irst  p resen ted  
by Ting . 4 1  
Cons ide r  t he  comple t e  gove rn ing  equa t ions  wr i t t en  in  terms 
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for  which,  the  metric s is  defined 
third  Cartesian  coordinate fox plane  flow,  and  where 
The  equations of motion  in terms-of these  coordinates  can 
be  written as  follows: 









A l l  quantities  are non-dimensionalieed;  reference:  length, 
velocity,  density,  and..viscosity  being L , up, p1 and p1 
respectively. 
The  energy  equation  and  details..of  the viscous.terms have 
been  omitted  for  simplicity,  since  they are not essential in 
what  follows.  See  Ref. 4 2  for  a  complete  description of the 
general  equations  of  motion.  The  boundary  conditions  are  the 
Same as (2.1.4) and initial.conditions as ( 2 . 1 . 5 ) .  
Now  suppose the.dependent variables are wr.itten in terms 
of asymptotic  expansions, i.e. 
W 
u =  c 
i = O  
m 
w =  for  the  limit 
i = O  E J. 0; x,y fixed 
W 
i = O  " " " " " " " _  (2 .5.7)  
If  the  expansions (2 .5.7)  were  substituted  into  eqns. 
(2.5.3 to 5 )  and  the  limit E J. 0 keeping x and y fixed  were  to 
be applied, the  resulting  reduced  equations  would  be  the 
compressible Euler's equations  with  solutions as follows: 
1 
0 : y <  0 
(2 .5 .8 )  
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drO if - - dx 0  
(2.5.9) p(O).(x,y) = const = p 1 
""""""" 
dr 0 If -# O,.the solutions  are  more  complicated,  but i is dx 
still  true  that 
(X,O+) = 1 
U(O) (x,o-) = 0 (2.5.10) 
JO) (x,O + 1 = 0 (2.5.11) 
p(O)  (x,o+) = const.  (2.5.12) 
It  can be seen  that  this  procedure  has  led  to  the  predic- 
tion  of an infinite  velocity gradient-at y.= 0. However,  the 
complete  equations of motion do not  permit  the  existence  of  a 
discontinuity,  therefore  it is inferred that.at y = 0 the 
gradient  is  finite  but  very  steep. But-if this  is  the  case, 
-. will no longer  be 0 (1) and  the  procedure  leading  to  the au 
a Y  
reduced  equations  will  no  longer  be  valid. 
To correct  this  situation  a  stretched  coordinate is intro- 
duced;.having  the  definition 
= *I (2.5.13) 
6 must  be of such an order  that aU = 0 (I). An additional  set 
of asymptotic  expansions,  valid  near y = 0, are  also  intro- 
duced,  viz. 
F 
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i = O  
i = O  
for  the  limit 
E S O  ,X,? fixed 
(2.5.14) 
" " " " " " -  where  ri = ~ ( r ~ - ~ )  etc. 
6 is  determined  to  be O ( E )  by  requiring  the  viscous  dissipation 
term in the  energy  equation to-remain finite  in  the  limit E S 0; 
x,y  fixed.  r  and to are  evidently O(l), and it  follows  from 




If the  asymptotic  expansions (2.5.14) are  substituted-into 
the  equations  of  motion (2.5.3-5) and  the  appropriate  limit  pro- 
cess  applied,  the  result  will be the  regular  bonndaay  layer 
equations  (eqns,.2.1.1.-3)  rewritten in  non-dfmensional  form  in 
x,? coordinates),  and  the  condition 
(2.5.15) 
This  is  assuming k (x)  r0'.(x) are: 0 (1). Thus  the  continu- 
ity of normal stress-is ensured  for  the  zeroth  order  approxima- 
tion. 
The  boundary  conditions are supplied  bp  requiring 
d o )  (x,..) = U ( O )  (X,O+) = 1 
j p )  (X,") = U(O) (x,()-) = 0 
(2.5.16) 
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where p is  t h e  p o s i t i o n  of t h e  d i v i d i n g  s t r e a m l i n e .  0 
I n  o r d e r  t o  cont inue t o  the n e x t  h i g h e s t  o r d e r  c o r r e c t i o n  
terms, it is  assumed t h a t  
f = Efo, etc. 1 (2.5.17) 
I f  it t r a n s p i r e s  t h a t  t h i s  c h o i c e  i s  i n c o r r e c t  an incom- 
p a t i b i l i t y  w i l l  arise. 
The asymptot ic   expansions  (2 .5 .7)  are a g a i n  s u b s t i t u t e d  
i n t o  the governing equations (2.5.3-5) and t h e  l i m i t  E + 0 ,x,y 
f i x e d ,  i s  a p p l i e d  f o r  a second t i m e .  I t  is immediately  apparent 
t h a t  t h e  sum o f  t h e  z e r o t h  o r d e r  s o l u t i o n  and f i r s t  o r d e r  
c o r r e c t i o n  still s a t i s f i e s  t h e  f l o w  e q u a t i o n s  f o r  i n v i s c i d  
i r r o t a t i o n a l  f l o w ,  b e c a u s e  the viscous terms a r e  0 ( E  ) . 2 
I n  a d d i t i o n ,  the equat ions  
(2.5.18) 
a r e  s e e n  t o  h o l d  f o r  t h e  l o w e r  s t r e a m  i .e .  f o r  y < 0 .  This 
imp l i e s  
U (1) = 0 ,  w ('1 = cons t .  : y < o (2.5.19) 
Turning t o  t h e  case of t h e  f i r s t  o r d e r  c o r r e c t i o n  t o  the 
boundary   l ayer   so lu t ion ;   the   asymptot ic   expans ions   (2 .5 .14)   a re  
aga in  subs t i tu ted  in to  the  equqt ions  of  mot ion  (2 .5 .3-3)  and  
t h e  l i m i t  E + 0 ,  x, $ f i x e d ,  i s  appl ied  once more. One of   the 
r e s u l t s  i s  t h a t  t h e  t r a n s v e r s e  momentum equat ion  becomes 
(2.5.20) 
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o r  a p p l y i n g  t h e  p r i n c i p l e  of stress c o n t i n u i t y  
This means that the  va lue  of y o  must be such t h a t  the f i r s t  
o r d e r  p r e s s u r e  c o r r e c t i o n  terms allow the condi t ion (2.5.21)  
t o  b e  s a t i s f i e d  a s  y 1. m. 
The p r e s s u r e   c o r r e c t i o n  terms, namely  p(x,O+)  and 
p ( l )  (x,O-) are found by apply ing  Bernoul l i ' s  theorem t o  t h e  
s o l u t i o n s   o f  the i r r o t a t i o n a l   i n v i s c i d   f l o w   e q u a t i o n s .  How- 
eve r ,  be fo re  t h i s  can be done i t  is  necessa ry  to  fo rmula t e  t he  
boundary  condi t ions  for  these  equat ions ,  and 
it i s  convenient  t o  cons ide r  t he  cases - = drO dx 
f o r  t h i s  purpose 
0 m d - # O  dro dx 
s e p a r a t e l y .  
dr 0 2 .  -- dx 0  
I n  t h i s  case  the  condi t ion  (2 .5 .21)  becomes 
p ( l )  ( X , O + )  = p ( l )  (x,o-) (2.5.22) 
and the boundary condi t ions for  the sum of  the zero th  order  
s o l u t i o n  and t h e  f i r s t  o r d e r  c o r r e c t i o n  a r e  s i m p l y  g i v e n  by 
(x,o-) = W ( O )  (x,-.') (2.5.23) 
NOW given the re su l t s  o f  eqn .  (2.5.19) it i s  apparent  from 
Bernoul l i  ' s equat ion  t h a t  
p ( l )  ( x , o - )  = 0 ( E  ) 2 
o r  more c o r r e c t l y  
p ( l )  ( x , o - )  = 0 (2.5.24) 
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A t ' t h i s  j unc tu re  the a n a l y s i s  is  f u r t h e r  d i v i d e d  i n t o  
subcases.  
a) Supersonic  Main Stream: (M1 > 1) Plane Flow 
Us ing  the  l i nea r i zed  theo ry43 ,  it can be shown t h a t  
C (1) = -2  W ( O )  (x,-) + 0 ( E  2 ) P 1/2 ( 2 . 5 . 2 5 )  
(M12 - 1) 
Therefore  Go (x) must be chosen so that 
W ( O )  ( x , m )  = 0 (2.5.26) 
This  condi t ion can be r e w r i t t e n  i n  the fol lowing more  con- 
ven ien t  form 
Where use has been made of the  c o n t i n u i t y  
0 ( 2 . 5 . 2 7 )  
equat ion  (2.1.1) . 
Note t h a t  eqn. ( 2 . 5 . 2 7 )  i s  w r i t t e n  i n  terms of the n o t a t i o n  of 
Sec t ion  2 . 4 . ,  and i s  a f irst  o r d e r  o r d i n a r y  d i f f e r e n t i a l  e q u a -  
t i o n  for yo,  which can be w r i t t e n  a s  
where 
is  independent of t h e  va lue  of  yo. 
( 2 . 5 . 2 8  
( 2 . 5 . 2 9 )  
b) Supersonic  Main Stream: Axisymmetric  flow = const .  
The c o e f f i c i e n t  of p r e s s u r e  on  a s l e n d e r  body is given by 
VI 
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a @  a @  2 C ( x , R )  = -2  “-1 
P a x  r = R  - (E) I 
r=R 
where t i s  the t h i c k n e s s  
S = RR’ 
X 
and R = r + € 1  (x,O+)dx = ro Er*  (2.5.31) 
O O  
I t  can be shown i n  a s t r a i g h t  forward way tha t  eqn .  (2 .5 .30)  
l e a d s  t o  e q u a t i o n  
C 
+ =O T a r  0 dw( l )  (x,O 1 = - (Y I O + ) .  dy 
n o  dY 1/2 I: (x-y) 2-a2r02  (x) I 
P 





Now the question becomes, What form of - (y,O ) w i l l  s a t i s f y  
-
t h i s  i n t e g r a l  e q u a t i o n ,  i f  C (1) ( x , O  ) is  zero? + 
P 
Assuming tha t  (2.5.32) has a u n i q u e  s o l u t i o n ,  t h e n  t h e  
so lu t ion  mus t  be 
or from  eqn.  (2.5.27) 
(2.5.33) 
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I n t e g r a t i o n  l e a d s  o n c e  more t o  eqn. (2.5.28) 
c) Subsonic Main Stream, (M1 < 1): Plane  Case 
U s e  of the small p e r t u r b a t i o n   t h e o r y  of and 
G l a ~ e r t ~ ~ ,  adapted t o  t h e  case i n  hand,  leads t o  t h e  f o l l o w i n g  
r e s u l t .  
(2.5.35) 
T h i s  equat ion  does  not  have  a u n i q u e  s o l u t i o n ,  s i n c e  i t  i s  sat-  
i s f i e d  by any d i s t r i b u t i o n  o f  the form 
or = 0 (b )  
However, a l l  s o l u t i o n s  of form (a)  can  be  e l imina ted  s ince  
they are s i n g u l a r  a t  t h e   o r i g i n .  Hence eqn.  (2.5.28)  applies 
t o  this case a l s o .  
d) Subsonic Maln Stream, (M1 < 1) : Axisymmetric Case - - 0  drO dx 
I n   t h i s  case small p e r t u r b a t i o n  t h e o r y  45 46 y i e l d s  t h e  
fo l lowing  fo rmula  fo r  coe f f i c i en t  of pres su re .  
(2.5.36) 
Again ,  assuming tha t  the  only  admissable d i s t r i b u t i o n  which 
sat isf ies  this equa t ion  i s  o n e  t h a t  i s  i d e n t i c a l l y  z e r o ,  one is  
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led to the  conclusion  .that..eqn, (2.5.28) applies )to .this  .case 
as  well. 
3- dx dro # 0 
This case is quite.complicated in comparison. 
In  the first  place it will  .be .noted.from .eqn. (2.2.30) 
that  the  lim $(’) (x,?) does  not  exist.  Because  of  this  fact 
the  simple  matching  procedure  used in eqn. (2.5.23) is no 
N Y” 
longer  applicable.  In  order  to  obtain  the  upper  boundary 
condition  in  this  instance,  the  technique  of  .intermediate 
expansions is employed. This  technique  was  introduced by 
Xaplun4’ in a  study of the flow around  a  circular  cylinder  at 
low  Reynolds  number. Its intuitive  basis  is  the  assumption 
that  there  exists  an  overlap  region,  between  the  shear  layer 
and  the main  stream,  where  both  sets of asymptotic  expansions 
are  valid.  Certain  theorems  have  been  proven,  thereby  setting 
the  technique  on  a  fairly  firm  foundation. 
To apply  the  technique  an  intermediate:limit  process is 
introduced, i.e. 
E + 0, x, y* = fixed. 
where E < rl < 1 
or more  correctly E = o ( 0 )  = o (1 )  
(2.5.37) 
If the  asymptotic  expansion (2.2.30) is  written in terms 
of  the coordinates  in (2.5.37) it becomes 
EG ( O )  = - - - .y*n + - fi(X)E 1 dr 0 1 r dx 0 r 0 
(2.5.38) 
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since p1 = u1 = 1 
While  the  velocity in the main-stream can  be  expanded  in 
a  Taylor's  series 
w = W(X,O) + - aw (x,O)y + - - - - - 
ay (2.5.39) 
or in  terms of the  asymptotic  expansion (2.5.7) 
(2.5.40) 
When  this  is  expressed  in  terms  of  the  intermediate  variables 
the  result  is 
(2.5.41) 
Now  the  postulation  of  the  existence  of  an  overlap  domain 
means  that  eqns (2.5.411  and w = EW - ( O )  + E 2-(1) w + - - - - - - 
should  match  when  written in  terms  of  the  intermediate  variable. 
Thus  a  comparison  of  eqns  (2.5.41)  and  (2.5.38)  shows  that 
a w(o) (x,()) = -y* - 1 dr 0 
y* ay r d x  0 
and 
W(l) (x,O) = - f1(x) 1 '  r 0 
(2.5.42) 
(2.5.43) 
The  first  statement  contains  no  new  information  since  it 
follows  directly  from  the  continuity  equation.  The  second  one 
yields  the  required  boundary  condition  which  can  be  rewritten 
in  a  more  usable  form,  viz. 
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I 
. _.. . . -..... .... . .. 
(2.5.44) 
By  using  the  continuity  equation  and  after some-manipula- 
tion,  this  equation.becomes 
W 
- 
1 d  ” - - - dY0 (1- p u)dy + (1- p u 1- 0 0 0 dW 
(2.5.45) 
Note  that  eqn.  (2.5.45) is  written  in  terms  of  the  notation  of 
section 2.4. 
A similar  difficulty is encountered-when an attempt is 
made  to  apply  (2.5.211,  because  the  integral is unbounded as 
y + m .  Again,  intermediate  expansions  can  be  used  to  overcome 
this  problem. 
Eqn.  (2.2.26)  substituted  into..eqn,  (2.5.17)  leads to the 
following  asymptotic  expansion  for ‘ ~ ( l ’  (x,?). 
2- L 
P -(’) (X,?) = kp 1 1  u y - 2 ($fkpl~l + p(’) ( x , - m )  + 0 (1) : y t m  
(2.5.46) 
where p1 = ( O )  (x,O ) = 1 + 
u1 = U(O) (x,O ) = 1 
+ 
and as before p(’) (x, -a) = p (l) (x,o-) = 0 
(2.5.47) 
In  addition,  application  of  a  Taylor’s  series  to  the  free 
stream  pressure  produces  the  following  result. 




I f  bo th  o f  t hese ,  i . e .  (2.5.46  and 4 8 )  are w r i t t e n  i n  
terms o f  t he  in t e rmed ia t e  va r i ab le  (2 .5 .37 )  the  fo l lowing  
two asymptotic expansions w i l l  be obta ined .  
(2.5.49) 
A matching of  the two expans ions  p rov ides  the  cond i t ions  
given below 
$ O )  (x,?) = p(O) ( x , y )  = p1 
(2.5.50) 
The f i r s t  of  these has  a l ready been used,  the second merely 
s ta tes  t h a t  t h e  c e n t r i f u g a l  f o r c e  p e r  u n i t  volume must be 
balanced by t h e  t r a n s v e r s e  p r e s s u r e  g r a d i e n t ,  b u t  t h e  t h i r d  
p rov ides  the  r equ i s i t e  cond i t ion  on  p ( ' )  (x,O) e 
A t  t h i s  j u n c t u r e  it i s  conven ien t  t o  cons ide r  t he  supe r -  
sonic  and  subsonic  cases  separa te ly .  
d r O  e )  Supersonic  Main Stream: (M1 > 1) : Plane case - dx # O  
T h i s  c o r r e s p o n d s  t o  t h e  s i t u a t i o n  e n c o u n t e r e d  when apply ing  
t h e  Chapman-Korst  model t o   s e p a r a t e d   f l o w s .  I n  plane  super-  
s o n i c  f l o w s ,  t h e  f r e e  s t r e a m l i n e  i s  a l w a y s  s t r a i g h t  so 
dr 0 
ax" - c o n s t . ,  a n d  t h e r e f o r e  t h i s  case can  be  t r ea t ed  the  same 
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way as a),  providing  the comp1icated.interactions.at the 
origin  are  overlooked. 
f) Supersonic  Main  Stream: (M > 1.) : Axisymmetr-ic . -. ..  case 
drO - #  0 dx -
If  small  perturbation  theory44  is  applied  to  this  case, 
the  coefficient  of  pressure  will be given  by  eqn.  (2.5.32). 
Whence it  can be  shown  that 
C (X,O+) P 
+ -  
I d  
0 
- 2 rh  (x) r*' (x) (2.5.51) 
where 
(2.5.52) 
using eqn. (2.5.45) and where 
1 
S,(X) = I (T-U) <(<,G)dU 
For  supersonic  free  streamlines  r ' "  , rO1' < <  r ' ,  therefore 
0 
unless  r*'(y) or r*(y)  become  large compared.to r*" and 
1 , the  terms  involving  r ' I '  and r ' I  in the  integral 
0 0 
of eqn.  (2.5.51) can  be.neglected.  Making  this  approxi- 
mation  and  using  eqn.  (2.5.501,  eqn.  (2.5.51)  becomes 
1 .  x--ar, 
If eqn.  (2.5.52) is  substituted  into  eqn.  (2.5.53)  the 
dyO result is the  following  integral  equation  for -dx 




Since  this  integral  equation  is  very  complicated,  a 
further  approximation  is  almost  a  necessity.  This  can  be 
achieved  by  observing  that  if k is  set  equal  to  zero, 
eqn.  (2.5.30)  would  lead  to  the  following  equation. 
where R = ro + E r*. 
But  only  two  solutions  for R would  generate  a  zero 
coefficient of pressure,  namely 
R = r  implying r* = 0 0 (2.5.57) 
ro  ( 0 )  -ro 
or R = const. = ro(0)  implying r* = 
E 
The  second  possibility  violates  the  order  assumption on 
r*, i.e. r* = 0(1), since  at  some  point  sufficiently  far  from 
the  origin 
ro  ( 0 )  -ro (x) 
E 
= 0 ( E - ' ) .  Therefore,  it  is  rejected. 
Hence, if r* = 0 is  taken as the  solution it will  lead 
once  again  to  the  equation 
W(l) (x,O+) = 0 (2.5.58) 
or using  eqn.  (2.5.45)  with  the  notation of section 2.4  the 
following  first  order  differential  equation  for y  is  obtained 
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(2.5.59) 
Unfortunately,  the  assumptions  of slender-.body theory  are 
often  poorly met by  free streamlines,-in.which-case, the  dis- 
placement flow .would  have to be  treated as- a  perturbation on 
the  undistrubed flow field  containing the.free-streamline. 
g)  Subsonic Main  .Stream; (M1 < 1) : 2-D case dx # 0 drO 
This could  correspond  to  the  application  of  a  Chapman- 
Korst  type  model  to  subsonic  near  wake  flow  behind a-blunt 
trailing  edge. 
Small  perturbation  theory  will  give 
(2.5.60) 
where 11 is  the  value  of  x at the  'end'  of the.streamline. 
If  the  curvature, k(x), is.ignored as  before,  eqn. 
(205.281 will be  obtained.  Otherwise  the  integral  equation 
(2.5.60) Will  have to be solved for w ( l ) ( y , O + )  which  will 
lead  to  a first order  ordinary  differential  equation  for 
?,(x) of  the  form 
dY0 1 -
dS + d61 " - f ( 5 )  dS (2 .5.61)  
( l -Foclo 1 
dro h) Subsonic Main  Stream; (M1 < 1): Axisymmetric ~ case -dx f 0  
This could also  correspond  to  the  application  of  the 
Chapman-Korst  model  to  subsonic  base  flow. 
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The  treatment  of  this case-is fairly  similar..to  that of
(f), except  .that (2.5.53). .becomes 
(2.5.62) 
dT, 
which  again  leads  to an involved  integral  equation  for -.
If  the  same  arguments  are  followed  for  this  case,  eqn. (2.5.59) 
will  apply as an approximation. 
4 .  The  methods  outlined  above  cannot be automatically-applied 
to  turbulent  free shear.layers.with any  degree.of-confidence. 
The  reason  is  that  the  Reynolds  stresses have-an-unknown 
order  of  magnitude,  and  .also contribute-to-.a.transverse 
pressure  gradient  which  is  non-zero to- zeroth--order.  See, 
for  example,  Rotta 4 8  
However,  Mills*l  has  shown that'experfmental-data for 
two  stream  homogeneous  incompressible  asymptotic  mixing layers 
agree-quite.wel1 with solutions.using-Ting's .criterion at 
least  for - ranging  from 0 to 0.4. For ratios  above 0.4 the 
discrepancy  between  the  theoretical  predictions of and  the 





between  available  experimental  data  for  a'compressible  develop- 
ing  turbulent  free  shear  layer  and  theoretical.  predictions 
will  also be made when suita%le  experimental  data  become  available. 
problems  would  probably  arise  whenever-interior  layers  are 
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introduced in  an asymptotic.analysis of  systems of partial 
differential equations.which are  thfrd  order or higher.  Pre- 
sumably.it would  be  possible  to  generalize  the  technique 
presented-above to cover-these problems. 
2.6 The-Inadmissability . . . .  "_ ~~~ .~ of Certain Orders of the Appoxhating 
Polynomials 
P2 cannot  be  an  even  number in-equatfon (2.4.13b), This 
restriction  is  necessary  because in the  course of.determining 
the  b ( E )  from  equations (2.4.15) an incompatibility arises 
between a GU and a G R  which  results in the  lower 
L P2-1  P2-1 
au  au 
P2-1 Pa-1 
part  of  the  profile  being  forced  to  ultimately  turn  up  as u 0 
such  that 'y + +a. This  situation  can  best  be  understood in
terms of an  example. 
Consider  the  case  of P2 = 2. 
Equations (2.4.15) yields 
1 
2 [a0 + a11 
- "- - 2  (2.6.2) ( l -Go  1 uO 
Note  that  the left hand side-of equation (2.6.2) must  be 
positive,  because 5 ( E , i )  must be.positive  as i.+ 1. On the 
other  hand, b must be  positive,  because 5 ( E . , ; )  has  to  be  posi- 
tive as C j .  0. Therefore,  there  is an incompatibility in the 
approximations  for  the  slope  of C. This  incompatibility 





of the  approximating  polynomial. is fncreased by 2n(n=1,2,3---,). 
It is  also  worth  mentioning at this junctnre.that when 
p3 = 1 in  equation (2.4.14),  the first equation of the system 
(2.4.8) cannot be used. This is owing to the  Prandtl number 
not  appearing on the right hand  side  of  system. (2.4.8) until 
k = 1. Thus  for P3 = 1, the  equation  from (2.4.8) corres- 
ponding  to k = 1 must be  used. This  restriction  is  lifted 
for P3 > 1. 
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3 .  THE EDDY VISCOSITY MODEL 
" 
A s  n o t e d  i n  S e c t i o n  1.1, a d i f f i c u l t y  w i t h  t h e  c h o i c e  o f  
eddy  v i scos i ty  model i s  e n c o u n t e r e d  i n  d e v e l o p i n g  t u r b u l e n t  
f r e e  s h e a r  l a y e r s .  I t  w a s  p o i n t e d  o u t  t h a t  t h e  common 
f o r m u l a t i o n  f o r  t h e  e d d y  v i s c o s i t y  o f  a n  a s y m p t o t i c  h a l f - j e t ,  
v i z .  
i s  n o t  s a t i s f a c t o r y  b e c a u s e  it i g n o r e s  t h e  n o n l i n e a r  i n i t i a l  
development. However, t o   a l l o w   f o r   t h e  i n i t i a l  development, x 
could  be r ep laced  by the  func t ion  F (x/L) . Some i n v e s t i g a t o r s  
have at tempted to  determine F ;  most  notably,  Korst  e t  a l .  
by empi r i ca l  means; and more r e c e n t l y  Lamb 49,50 ,51  a n a l y t i c a l l y ,  
i n  t h e  fo rm o f  an  impl i c i t  r e l a t ionsh ip .  See the   rev iew by 
Carpen te r37  fo r  a detai led su rvey  and  c r i t i que .  
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I t  may a l s o  be recalled from Section 1.1 t h a t  t h e r e  i s  t h e  
a d d i t i o n a l  d i f f i c u l t y  o f  d e t e r m i n i n g  t h e  v a r i a t i o n  o f  t h e  j e t  
spreading parameter ,  u ,  w i th  Mach Number and t o t a l  e n t h a l p y  r a t i o .  
F o r  t h i s  r e a s o n  it wou ld  appea r  p re fe rab le  to  fo l low Nash , 
and  rep lace  F(x/L) by KIA* ( X )  , i .e. wr i t e  
5 2  
4 0  
e (x) = Klul A* (x) 
where  A*(x) i s  some, as y e t  unknown, thickness   parameter ;   and 
K1 i s  a u n i v e r s a l  c o n s t a n t .  I n  any case t h i s  conforms  with 
Prandt l '  and  Reichard t ' s ' '  o r ig ina l  idea of a constant  exchange 
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c o e f f i c i e n t  p r o p o r t i o n a l  t o  t h e  c h a r a c t e r i s t i c  s i z e  o f  t h e  
l a rge  ene rgy-ca r ry ing  edd ie s .  
I n  o r d e r  f o r  A * ( x )  t o  b e  s a t i s f a c t o r y  it must meet t h r e e  
requi rements  , v i  z . 
a) A * ( x )  .- x as x + a. 
b )  I t  must  be a real measure  of  the  to ta l  wid th  of  the  
f r e e  s h e a r  l a y e r .  - 
c) I t  must be such t h a t  t h e  c o r r e l a t i o n  u ' v '  = I - 
P 
should  be  very  near ly  invar ian t  under  a streamwise G a l i l e a n  
t r ans fo rma t ion .  
The f i r s t  r e q u i r e m e n t  i s  necessary  so  t h a t  t h e  s h e a r  l a y e r  
deve lopes  toward  the  co r rec t ,  expe r imen ta l ly  ve r i f i ed ,  a sympto t i c  
s ta te .  
The second  because  the  cha rac t e r i s t i c  s i z e  o f  t h e  l a r g e  
energy-car ry ing  eddies  i s  supposed t o  be comparable t o  t h e  
a c t u a l  w i d t h  o f  t h e  s h e a r  l a y e r .  
The t h i r d  r e q u i r e m e n t  comes about because it i s  d e s i r e d  t o  
fol low Morkovin 'sS3 hypothesis  on t h e  e f f e c t  o f  c o m p r e s s i b i l i t y  
on the  Reynolds  shear stress. H e  s u g g e s t e d  t h a t  s i n c e  t h e  
v e l o c i t y  f l u c t u a t i o n s  are an order of magnitude smaller than  
the average components,  it f o l l o w e d  t h a t  a t  moderate Mach 
Numbers u ' v '  would  be  unaffected by compress ib i l i t y .   Th i s  
p roposa l  has  r ece ived  suppor t  f rom o the r  i nves t iga to r s  54,55,56,57 
It has been shown by Herring and M e l 1 0 r ~ ~  t h a t  f o r  t h e  
o u t e r  p a r t  o f  a compressible  boundary layer ,  the formulat ion 
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i .e. v e l o c i t y - d e f e c t  t h i c k n e s s ,  l e a d s  t o  G a l i l e a n  i n v a r i a n c e .  
This  i s ,  i n  f a c t ,  t h e  eddy v i s c o s i t y  model  proposed by C lause r  . 11 
It was d i s c o v e r e d ,  o r  a t  l eas t  exp la ined ,  by drawing an analogy 
be tween the  turbulen t  boundary  layer  and  a laminar  one having a 
t h i n  s u b l a y e r  o f  a d i f f e r e n t  f l u i d  w i t h  much lower  v i scos i ty  
n e a r  t h e  wall .  Maise and McDonald5' have  conf i rmed tha t  the  use  
o f  t he  ve loc i ty -de fec t  t h i ckness ,  r a the r  t han  d i sp lacemen t  
t h i c k n e s s * ,  l e a d s  t o  a more s a t i s f a c t o r y  c o r r e l a t i o n  w i t h  
expe r imen ta l  da t a .  
There appears  to  be no reason  why t h i s  f o r m u l a t i o n  of 
a * ( x )  would n o t  be s u i t a b l e  f o r  f r e e  s h e a r  l a y e r s ,  p r o v i d i n g  i t  
be a p p r o p r i a t e l y   g e n e r a l i z e d .  T o  t h i s   e n d ,  A * ( x )  i s  de f ined  as 
Moreover, i n  t h i s  form A*(x) also s a t i s f i e s  t h e  t h r e e  r e q u i r e -  
ments. 
In  the  absence  of any be t t e r  i n fo rma t ion ,  Me l lo r  and  
value of  0 . 0 1 6  f o r  t h e  u n i v e r s a l  c o n s t a n t  i s  
r e t a i n e d .  
* I n  t h e  case of an incompressible  boundary layer  such as s t u d i e d  
by Clauser  the  ve loc i ty-defec t  and  d isp lacement  th icknesses  are 
i n d i s t i n g u i s h a b l e .  
57 
I 
Thus t h e  eddy v i s c o s i t y  i s  given by the  expression below.  
YO W 





4 .  WORKED. EXAMPLE AND EXPLICIT- FORMUIAE FOB. THE .CASE..P = 4 ,  1- 
-3- P = 2. 
I n  t h i s  s e c t i o n  t h e  f o r m u l a e  a n d  a c t u a l  o r d i n a r y  d i f f e r -  
e n t i a l e q u a t i o n s  f o r t h e - c a s e  where t h e  v e l o c i t y  p r o f i l e  i s  
c h a r a c t e r i z e d  by f o u r  f r e e  p a r a m e t e r s  (PI = 4 ) ,  a n d  . t k e . . t o t a l  
e n t h a l p y  p r o f i l e . b y  two (P3 = 21, are presented .  
4 . 1  Re la t ionsh ips  .Between,.Quantities-.Above and,.Below 
Divid ina   .S t reaml ine  
1. Re la t ionsh ip   be tween   ve loc i ty   p ro f i l e s .  
Eqns.  (2.4.13a  and  b) become 
U 
5 (S,U) = - [ a o ( S )  + a l ( c ) u  + a 2   ( c ) u  3 : u u - 2  (1-ii) 0 
( a  1 
5 R -  ( < , u )  = E 1 [ b o ( E )  + b l ( E ) 6  + b2(E)u21 : u < u - - 0 
(b) 
( 4 . 1 . 1 )  
This  
3 
Continui ty  of  5, - and - 
l e a d s  t o  t h e  f o l l o w i n g  e x p r e s s i o n s  f o r  bo, bl, b i n  terms 
of ao, a a 
a 5  i s  r e q u i r e d  a t  i = u -
a <  , E 2  0 '  
2 
1' 2' 
.. - 3  
U" 
U 
bo - - 3  [ao + al + a,] 
b2 - 
- 
( l -uo  1 
1 - - - [a, + a + 2a2u0 - a u 2~ + 
1 2 0  bo ( b )  
( 1-uo 1 u 0 2  
1 - - 
bl (l-Tio) 
- [a, + aluO + a2uO21 - - 
U 0 b2;o ( C )  
.- 
( 4 . 1 . 2 )  
D i f f e r e n t i a t i o n  o f  e q n s .  ( 4 . 1 . 2 a , b , c )  r e s u l t s  i n  t h e  




db duo  d? 0 dal da2 
dS il dS  dS  dS + f i 4  3 - i-1 = f - + fi2 - + fi3 - (4.1.3) 
where 
3GO2 U - 3  
( l - G o )  ( 1-uo 1 
0 - 
fll - (ao + al + a 2 ) ;  f12 = f13 = f14 = - 3  
2 - - - (ao  + a + 2a2U0 - a u 2, +( l -uo)  2a2 2b0 11 
1 
- -  
2 0  +"  31 (l-iio) uo3 uo2 
- 
1 f 1 2  - 0 *13 
u O   u O  
U "- - f32u0; 23 - (l-Tio) -"  L f U  33 0 
- 2  
u O  1 4  - 
f 2 4  = 7 - 34u0 
( 4 . 1 . 4 )  
a O  I 
al ,  a2  and Go are t h e  f o u r  f r e e  p a r a m e t e r s  t h a t  c h a r a c t e r -  
i z e  t h e  v e l o c i t y  p r o f i l e .  
2 .  Re la t ionsh ip   be tween   t he   s t agna t ion   en tha lpy   p ro f i l e s .  
Eqns. ( 2 . 4 . 1 4 a  and  b) become 
- - R  - H ( 6 , ~ )  = [ A  +(1 - A ) u ]  - [ d o  + d  u + d2u - 2  1 : u < u (b) 
(4 .1.5)  
- - - 
1 0 
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Now since iu = A + (1 - A); at U = 1 and ig = X "(1 - X)u 
at u = 0, it  can be  seen  that 
- - 
- 
c 0 + c  + C  = 1  ; d o = l  1 2 
The  d's  can be  found in  terms  of  the  c's by requiring 
continuity  of fi and - a t u = u  Whence aH - aa 
- 
0 '  
1 - co 
d2 - + (1 - c1 - C0) - 5 2  0 
dl = C1 + 2 (1 - c1 - Co) Go - 2d2uo 
Differentiation  of  eqns.  (4.1.la  and b) results  in  the 
following  formulae. 
ddi dGO dc 0 
dE (i+4)  1 d <  (i+4)5 d< (i+4)6 dS " 
- - 
+- - + f  
(4.1.8) 
where 
2(1 - co) 1 
f61 = - To 3 i f65 - - 1"" u02  f66 
- 1  " 
- 
f51 = 2(1 - C - Co) - 2d2 - 2 ~ ~ f ~ ~ ;  - 1 f55 = - 2u0 (1 + f65) 
(4.1.9) 
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co and c are  the  two  free  parameters  that  characterize  the 
stagnation  enthalpy  profile. 
1 
4.2 Derivation of the  System  of  Ordinary  Differential 
Equations 
The  left-hand  sides  of the.system of  equations (2.4.7 
and 8) are  the  same in both  the  laminar  and  turbulent  cases. 
If  the  four  equations  corresponding  to j = 0, 1, 2, 3 from 
(2.4.7)  and  the  two  corresponding  to k = 0,l  from  (2.4.8) 
are  considered,  the  integrals on the left  hand  side  may  be 
carried out  analytically.  This leads to a  set  of  first  order 
ordinary  differential  equations  which  may  be  written  in 
matrix  formulation as 
A. . B  = Ci 
11 j 




- 2   - 3 - 4
0 
3 f23 
1 '  0 
0 
U U 
+ -  - u 3, + 2 f13 + - 0 A12 = - 4  f33(b) 
U 
- 2  - 3  - 4  
0 U 1 - 4  0 0 U 
A13 = - "(1 - u ) + 2 f14 + - 4 0 3  f24 + - 4  f3 (C 1 
a 0 -  Ns = 1 
A14 - 
- : 5 = o  




A14 = [ (ao + bo)Go + (al + bl)uO2 + (a2 + b2) u o  + - 
U - -3 0 
2 fll 
U 
- 3  - 4  
0 U 0 1 + -  3 f21 + 4 f311 -= 
0 
where Ns = 1 : ordinary initial velocity profile. 










- 3  - 4  - 5  
U 1 -2 1 - 3  0 u O  - "(1 - u ) - $1 - uo ) + f12 - 2 0 3 + f22 4 + f32 5 
U 0 
( a )  
U 
- 3  -4  -5 
1 -3 1 -4 0 0 0 U U - - u o )  - T ( 1  - u o )  + f13 3 + f23 4 
+ f 3 3 5  
-7 - A  
1 -4  1 -5 U- 0 Ll- 0 U J  0 
3 4 - ;r(l - u o )  - + - u o )  + f14 - + f24 - + f34 5 
(C 1 
a 0 : N s = l  
: 5 ' 0  
a 1 : N s = 2  
[aluO + (al + bo + a o ) u O  + (al + a2 + bl)uO + (a2+b2)u0 - -2 -3  -4 
U 
-3 -4 -5 
U 0 0 u O  1 + 3 fll !- 4 f21 + - 5 f31l - : <:!I (d) ; p  
A25 = A26 = o  
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-5  - 6  
0 0 - 1 - 2  1 -3 1 -4  
U U 
A31 - - 2(1 - uo)  - +1 - u o )  - - u o )  + f 2 2 5  + f 3 2 T  
” - 4  
u O  
+ f 3 3  6 




+ € 3 4  6 
a O  : N s = l  
A 3 4  = : 5  = o  
a : N s = 2  1 
= [ a o u O  + (ao  + a l )uO + (bo  + a. + a + a 2 ) U 0  - -2  -3 1 
-4 
-5  0 -4 U + ( a l  + a + bl)uO t ( a2  + b 2 ) u 0  + 4 fll 2 
U 
-5 - 6  
0 
5 6 3 1  
U 0 1 + - f 2 p - f  1 - : 5 : 83 (d 1 
C O N S  
A35 = A36 = 0 
- 1 - 2  1 -3 1 -4  1 - $1 - u o )  - “(1 4 - u o )  - +1 - u o )  2(1 - u o )  -5 A 4 1  - - 
-5 - 6  -7 
0 U 0 + -  
U 0 U 
5 f 1 2  + 6 € 2 2  + - 7 3 2  (a 1 
- 1 -3 1 -4  1 -5 1 
A 4 2  - - 7(1 - u,) - - u o )  - - u o )  - -(1 6 - 
U 
-5 - 6  -7 
0 U 0 0 U + -  5 f 1 3  + 6 € 2 3  + 7 € 3 3  
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1 - 4  1 -5 1 - 6  1 A43 - -  ~ ( 1  - Uo) - 5(1 - uo) - g-(l - uo) - +1 - uo) -7 
-5 -6  -7 U 
+ -  0 uO uO 5 f14 + - 6 f24 + 7 f34 
aO Ns = 1 
A44 - 
- : c = o  
a 1 Ns = 2 
= [aouO + (ao + al)uO + (ao + al + a2)u0 - -2 - 3  
+ (bo + a + a l  + a2)u0 -4 + (bl + al + a2)U0 -5 0 
A45 = A 4 6  = 0 
+ GG1-f12 + GG2.f22 + GG3.f32 
41 -3 9 2  -4 9 3  A52 = "(1 - Uo) -I- ~ ( 1  - U ) + ~ ( 1  - Uo)-5 3 0 
+ GGl'f13 + GG2.f23 + GG3-f33 
+ GGl-f14 + GG2*f24 + GG3*f34 
-glao 
-glal 
: N s = l  
A54 = 
: N s = 2  
: < = o  
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6  6 
a O  -4  -5 2 -6  a 1 a + C+l - u o )  + -+l - u ) + $1 - u o ) ?  0 9 3 5  
6 
-2  - 3  -4  -3 -4 -5 
0 0 0 0 0 + bl - + b - I c J ~ ~  0 [ b o  - + bl - + b2 - !g45 + ;bo  - 2 3 4 3 4 2 5  
U U U U U U 
+ 
6  6 
U 
-4  -5 -6 
0 0 u O  U + [ b o  - + bl - 4 5 + b2 7 9 6 5  
6 
( 4 . 2 . 7 )  
where g1 = h c o  - 1; g2  - (1 - x)co  + i ( C 1  + c o )  + 1 
9 3  
= (1 - X )  (co  + c l )  + x - 1 
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I 
-2  -3  -4 
0 0 0 
4 2  + g 5 3  g 6 4  
U U U 
GG1 = g 
-3 -4 -5 
0 0 0 
4 3  + ' 5 4  + g 6 5  
U U U 
GG2 = g 
(4.2.9) 
i 4 -6 
6 7 
i 
+ - ( l -u0)  + - ( l -u0)  5 -7  + GG4*f12 + GG5ef22 + GGG'f32 
i 0 -3 1 -4 i i 1 A62 = ~ ( 1 - u ~ )  + "(l-u0) 4 + -(l-u0) 5 2 -5 + "g(1-u0) -3  -6 
i 4 -7 i + - ( l - U o )  7 + "(l-u0) 5 8 -8 + GG4*f13 + GG5-f23.+  GG6*f33 
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io  -4 1 -5. 2  6 3 -7 i4 -8 i i A63 = -(l-Uo) 4 + -(l-Uo) 5 + -(I"u0) 6 + "(1'~) 7 + -g-(1-u0) 
i 
+ - ( l -u0)  5 -9 + GG4'f14 + GG5mf24 + GG6af34 (C) 9 
- i a  : N s = l  0 0  
- 
A64 - : c = o  
- i a  : N s = 2  0 1  
+ JJ6'j51 + ~jobo-ioao~iio + (jobl+jlbo-ioal 
-i  a ) u  + (j b +j b +j b  -iOa2-ilal-i2aO)u -2 -3 1 0  0 0 2  1 1  2 0  0 
+ (jlb2+j2bl+j3bo-ila2-i  a -i a )u -4 2 1   3 0  0 
+ (j b +j b +j b  -i  a  -i  a -i a ) u  -5 2 2   3 1   4 0   2 2   3 1   4 0  0
+ (j b +j b +j b -i a  -i a -i  a ) u  -6 3 2   4 1  5 0  3 2   4 1  5 0  0 
+ (j  b +j b -i a  -i  a ) u  + (j5b2-i  a ) u  I - -7 -8 1 4 2  5 1  4 2  5 1  0 5 2  0 u N s  
0 
A65 = JJl'jo5 + JJ2*j15 + J J ~ o ~ , ~  + J J ~ o ~ , ~  
6  6  6  6  6 
+ ~ J 5 - j ~ ~  + JJ6-j55 + II1'io5 + II2'il5 
6 6 6 6 
+ I13*i25 + I14-i35 + I15'i45 + I16'i55 i e )  




hl = Xc0 + 1; h2 = Xcl + (1 - h ) c 0  
( 4 . 2 . 1 1 )  
io = hlgl: il = h1g2 + h2g1: i2 = h i93  + h2g2 + h3g1 
h36 = 1 - 2 1  ; - (1 - A ) ;  h46 = h45 h 4 5  - - 
i55 = h  g45 3 + h4g35 
6 6 6 
(4.2.13) 
h5 = 2X ; h6 = dlX + (1 - A ) ;  h7 = d2X + d,(l - X )  
h8 = d2(l - X )  ( 4 . 2 . 1 4 )  
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h6 1 = f 5 1 h ;  h65 = f 5 5 A ;  h66 = f 6 6 X ;  h71 = f 6 1 A +  f S l ( l  - X )  
j o ,  - 4 4 1 ;  j,, = h 6 1  g 4 + h5g51 + h6g41  
5 5 5 5 5 5 
6 6 6 6 6 6 
j2,  = h 6 1  g 5 " h71g4 + h5g61  + h6g51  +- h1g41  
5 5 5 5 5 5 
6 6 6 6 6 6 
131  = h 6 1  g 6 + h71g5 + h81g4 + h6g61  + h7g51 + h8 '41 
5 5 5 5 5 5 
6 6 6 6 6 6 6 
5 
j 5 1  = h 8 1  g 6 + h8g61  
5 5 5 
6 6 6 ( 4 . 2 . 1 7 )  
aO -2 1 -3 a a I11 = "+ - u o )  + +l - u ) + "(1 2 - 0 4 i; 1 
I 1 2  = -$1 0 - u o )  -3 + -$1 1 - u o )  -4 + -+l 2 - u o )  -5 
a a a 
70 
a 0 -5 1 -6 2 -7 a a I 1 4  = ~ ( 1  - U o )  + ~ ( 1  - u0) + ~ ( 1  - u0)
a O  -7 1 -8  2 - 9  a a I 1 6  = ~ ( 1  - U o )  + ~ ( 1  - u0) + ~ ( 1  - U o )  
-2  -3 -4 
0 0 JJ1 = b - 0 0 2  + bl 3' b2 - 4 
-3 -4 -5  
0 0 0 
3 4 5 
U U U 
U U U 
J J 2  = bo - + bl - + b2 -
U 
-4 -5 -6  
0 J J 3  = bo - 0 0 
U U 
4 + bl 5 + b2 6 
-5 -6 -7 
0 J J 4  = bo - 0 0 
U U U 
+ bl 6 5 
+ b2 7 
-6 -7  -8 
0 J J 5  = b - 0 + bl - + b2 0 0 6  7 8 
U U U -
-7 -8 - 9  
0 J J 6  = bo - 0 0 
U U U 
7 + bl 8 + b2 9 
(4.2.18) 
(4.2.19) 
The i n t e g r a l s  t h a t  make up t h e  ci are  in tegra ted  numer i -  
c a l l y .  
4.3 I n i t i a l   C o n d i t i o n s   f o r   t h e   I n t e g r a t i o n  
ao, al and a2  a re  de t e rmined  by a least  squares  polynomial  
f i t  t o  d a t a  r e p r e s e n t i n g  t h e  i n i t i a l  v e l o c i t y  p r o f i l e .  I n i t i -  
a l l y  u o  i s  zero.  c i s  set  e q u a l  t o  - whi le  c1 i s  determined HW 
H2 0 
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by  requiring the.stagnation.enthalpy-approximationr eqn. 
(4.1.6a)  and  the actual  initial  value of E at u = 0.5 to 
coincide. 
The  system  of  ordinary.first  order  dffferential-equa- 
tions, (4 .2 .11 ,  are  integrated  starting.  from  these  initial 
conditions, by  following  a  step  by  step  process  downstream. 
When  the  initial  velocity  profile  is  a  parabola-type 
(i.e. Ns = 21, there is the  additional  difficulty  that  the 
j = 1 and k = 1 integral  relations  are  inadmissable  at x . =  0, 
owing to the  singularity  of  the  integrals on the  right  hand 
side. This  problem is overcome  by  setting c = 0, introducing 
the " j = 4 "  integral  relation  and  reducing  the  number  of  inde- 
1 
pendent  variables-to  five  for  the  first  integration  step. 




T = (1 + m)H - mu - 2  ( 4 . 4 . 2 )  
Carrying  out  the  integration  leads  to  the  following  expression 




- 2  - = tOUO + tl 2 0 t2 -3 t3 -4 t4 -5 
L 
+ -  3'0+- 
4 0  5 0  u + -  U 
+ t8 - uo) -3 + "$1 t9 - uo) -4  + "+ 5 0  - uo) -5 + "$1 5 1  - u o )  -6 
(4 .4 .3 )  
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to = kobo; tl = k b + klbo; t2 = kob, + k b + k2bo 0 1  .- 1 1  
t3 = k  b + k2bl. +' k3bo; t4 k b + k3bl; t5 = k3b2 1 2  2 2  
t6 = k4a0; t7 = k4al + k5a0; t8 = k4a2 + k5al + k6a0 
t9 = k5a2 + k6al + k7a0; t10 = k6a2 + k7al; tll = k7a2 
(4.4.4) 
ko = (1 + m ) X  ; kl = (1 + m) (1 - x + id,) 
k2 = (1 + m) [Ad2 + d , ( l  - X)] - m;  k3 = (1 + m) (1 - X)d2 
k4  = (1 + m )  Xco; k5 = (1 + m )  [Acl + (1 - x)c0 ]  
kg = (1 + m) [ X  (1 - c1 - c o )  + (1 - X)cll 
k7 = (1 + m) (1 - X )  (1 - c1 - c o )  (4.4.5) 
4.5  Determination - . of Locat ion "" of Div id ing   S t reaml ine  
T h i s  i s  achieved by t h e  i n t e g r a t i o n  of eqn. (2 .5 .281 ,  
which, it w i l l  b e  r e c a l l e d ,  i s  w r i t t e n  
+ 1 d61 - - =  0 




= R o ( l  - io) + - uo>  -2  + -+1 % 2  - u o >  -3 + $1 R3 - uo) -4  
g 4  -5 
+ -+1 - u o )  
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(4.5.2) 
-2 -3 1 
1 -5 dcO * +l-uo) L45 1- 




'0 2 = (l+m)  (gl+l) ; gO5 = (l+m)  aOg15; kO6 = 0; k12 = (l+m)g2 + m 
6 6 6 
There  is  some  difficulty  in  starting  the  integration  of 
this  differential  equation  because  the  right  hand  side  becomes 
infinite at c= 0. There  are  a  number  of  ways of dealing  with 
this  problem.  However  the  simplest,  which  only  involves  a 
small  error,  is to  approximate 1 - p o u o  by 1 in  equation " 
from  thereon  eqn.  (4.5.4)  may  be  integrated  by  a  step  by  step 
process. 
4 . 6  Calculation ~- of  Velocity  Profile "- 
Lower part: - 
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= Yo 
- - [tO'JYO + tl'JY1 +.t2'JY2 + t3'JY3 
+ t4'JY4 + t5*JY5] (4.6.2) 
where - 
uO 
JYk = 1 U -k du -- : k = 0,1,2------  (4.6.3) 
U 
- U 
JY3 = -(U - U ) ;  JY4 = i(6: - u ) ;  Jy5 = 1 -3 -3 -4 1 -5  -5 3 0  +UO - u 1 
(4.6.3) 
Upper  part :- 
U - 
= y o  + I du 
0 U 
- (4.6.4) 
= y o  + t6'IY0 + t;IY1 + t8'IY2 + t9'IY3 + t10'IY4 - 





IY2 = - [(I- G o  1 - (1-6) 1 + Go - u + IY1 
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4 . 7  
I 
I Y 3  = [ -  ii3 + 3 1- (l-ii)+(l-ii)  '-+(l-u) 11 log (1-ii) - 3  
+ tuo - 3  + 3 I (l-iio)- (l-uo) + $l-iio) 11 log ( l - G o )  
+ 3 [ (1-a- (l-iio)-  --(l-ii) 1 + -(l-Go) + -(l-u) 
- 2  1 3 
1 2 1 - 3  
2  2 9 
1 - 3  - y(l-uo) 1 (d 1 
I Y 4  = [ -  u4  + 4 1- (l-u)+  7(1-u)  -(l-u) + - ~ - i i ) ~  11 log (1-5) 3 - 2  - 3  1 4 
- [ -  uo -4 + 4( - ( G o ) +  "(l-Uo) 3 - 2  - (l-uo) + T(1-50) 11 log  (l-iio) 
+ 4 [ (1-3 - (1-Go) - -(l-i) 4 3 + T(l-Go)2 3 + -(l-u) 3 
_- $1-Uo) - --(l-u) + -(l-uo) 1 
- 3 1  4 
2 
1 - 3  
1 3 1  - 4  1 - 4  
16  16 (e) 
I Y 5  = [-. 65 + 5 I -  (1°C) +2 (I-u) 2-3  (1-U) +(1-u) 4- -(I-:) ) I  log (1-u) - 3  1 5 
- [- u o +  -5 51 [-(1-~0)+2(1-~0)2-3(1-~0) 3 +(l-uo) - 4  
- -(Pug) 11 log  (l-Go) 1 - 5 -  5 
+ 5 [ ( l - U )  - (l-uo) - (l-ti)2 + (l-Uo)2 + -(l-u) - 2 - 3  3 
- g(l-uo)3 - -(l-;) + 7 ( ~ - ; o )  + -(l-ul - --(l-uo) I 2 -  1  1 1 - 5  1 - 5  4 2 5  2 5  
( f )  
( 4 . 6 . 7 )  
Calculation . .  ~~ of Temperature  Profile 
Lower part: 
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TR = k + k G + k2u + k3u -2 -3 
0 1 
Upper  part: 
T U = k  4 + k ; + k 6 u  5 -2 + k c 3  
Y 
- 
: u < u  
- 
0 
4.8 Calculation of Properties on Dividing  Streamline 
Velocity  gradient: 
(4.8.1) 
Temperature  gradient: 
(4.8.2) 
Nusselt  number: 
- X a?, 1 
- 
5 
NuO - + q O  kl (T1-T2) a q   (l->.T) 
TO 
(4.8.39 
In the  laminar  case  Brown  and D ~ n o u g h e ~ ~  are followed  i  .e., 
it  is  assumed 
and in the  turbulent  case  it is assumed  that E = 1. 
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Shear  stress  coefficient: 
( 4 . 8 . 5 )  
4 . 9  Calculation . ~~ of  Position of Virtual  Origin 
Take  the  position  of  the  virtual  origin  to be
(-slyv>. Suppose xA and xB to  be  two  different  .values of 
x  that  are  sufficiently  great  for  the  shear  layer  to  be  con- 
sidered as having  reached  asymptotic  conditions  for  all 
practical  purposes. This being so it  can be  written  that 
Yv - Y 
OA 
yv - YOB 
v/2 = v/  2 ( 4 . 9 . 1 )  
( 4 . 9 . 2 )  
1 : laminar 
where v = 
2 : turbulent 
and YO.95 = value  of y at which t = 0 . 9 5 .  
The  above  two  equations  give  the  required  expressions  for 
Xv  and  yv. 
3-v 3 -v  
X B [ '0. 95A-y0A3 - XA [ '0. 95B-y0B1 
x = ~~ ~ " 
V 3 - v  3-v 
95B-y0B 3 -  9 5 A  - 1  
( 4 . 9 . 3 )  
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( 4 . 9 . 4 )  
80 
5. DISCUSSION 
5.1.   Preliminary Remarks 
B e f o r e  e n t e r i n g  i n t o  a d e t a i l e d  d i s c u s s i o n  o f  t h e  re- 
s u l t s ,  it w i l l  b e  h e l p f u l  t o  examine  the  bas ic  phys ica l  
p rocesses  invo lved  in  the  deve lopmen t  o f  f r ee  shea r  l aye r s .  
I f ,  as is assumed here ,  the  f ree  shear  layer  deve lops  
from an at tached boundary layer ;  then,  the shear  force, 
which w a s  r e s p o n s i b l e  for  t h e  body drag ,  begins  t o  d r i v e  
t h e  q u i e s c e n t  a i r  as the  shea r  l aye r  l eaves  the  body ,  
c a u s i n g  f l u i d  t o  b e  e n t r a i n e d  i n t o  t h e  mixing  layer  f rom 
below.  Concomitant  with t h i s   p r o c e s s ,   t h e   v e l o c i t y   a l o n g  
t h e  d i v i d i n g  s t r e a m l i n e  rises from i t s  va lue  of z e r o  a t  
s e p a r a t i o n  u n t i l  it reaches  i t s  asymptoTic level  f a r  down- 
stream. 
Perhaps  the  process  descr ibed  above  can  bes t  be  under -  
s t o o d  i n  terms of  a v o r t i c i t y  t r a n s f e r .  S i n c e  V o r t i c i t y  
c a n n o t  b e  c r e a t e d  i n  t h e  i n t e r i o r  o f  a f l u i d ,  t h e  v o r t i c i t y  
f lux  through a cross-sec t ion  of  the  f ree  shear  Payer  remains  
cons t an t .  Owing t o  the boundary-layer  approximation,  the 
v o r t i c i t y  a t  a p o i n t  i n  t h e  s h e a r  l a y e r  is given by 
Thus, the t o t a l  v o r t i c i t y  below a p a r t i c u l a r  s t r e a m l i n e  a t  
a s p e c i f i c  s t a t i o n  x is  given by 
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T h i s  shows t h a t  u0(x) is  a measu re  o f  t he  r a t io  o f  
the t o t a l  amount  of  vort ic i ty  below the d i v i d i n g  stream- 
l i n e  t o  t h e  t o t a l  v o r t i c i t y  f l o w i n g  t h r o u g h  a c ross - sec t ion  
of  t h e  s h e a r  l a y e r .  
The development of the free shear layer  can  be  ex-  
p l a i n e d  b y  o b s e r v i n g  t h a t  v o r t i c i t y  w i l l  b e  d i f f u s e d  across 
t h e  d i v i d i n g  s t r e a m l i n e  i n  o r d e r  t o  b a l a n c e  t h e  t o r q u e  a b o u t  
t h e  o r i g i n  a r i s i n g  from t h e  change i n  the ra te  of convection 
o f  angu la r  momentum which  occurs  dur ing . the  passage  down- 
stream. E v e n t u a l l y ,   s u f f i c i e n t   v o r t i c i t y  is  t r a n s f e r r e d  
i n t o  t h e  lower  r eg ion  fo r  t he  change  in  convec t ion  rates 
above and below t h e  d i v i d i n g  s t r e a m l i n e  t o  counter-balance 
one  another.  When this cond i t ion  i s  r e a c h e d ,   t h e   v e l o c i t y  
a long  t h e  d i v i d i n g  s t r e a m l i n e  becomes c o n s t a n t ,  
The e f f e c t  o f  s u c h  f a c t o r s  as c o m p r e s s i b i l i t y  and heat 
t r a n s f e r  on t h i s  b a s i c  p r o c e s s  w i l l  b e  d i s c u s s e d  i n  t h e  
e n s u i n g  s e c t i o n s .  
5 .2 .  Discuss ion   of   Resul t s  fo r  Laminar Case 
5.2,1 A Comparison  of  Various  Approximations for t h e  Coef- 
f i c i e n t  of V i s c o s i t y  
lX Plots  of  Eo ver sus  - are shown in   F ig .   5 .1   cor re-  
u p o * *  
a2 
sponding t o  t h r e e  d i f f e r e n t  e x p r e s s i o n s  f o r  t h e  c o e f f i c i e n t  
of v i s c o s i t y ,  v i z .  
(i) l.i = T 
- - 
(ii) p - - - g . 7 5  
: w = 1.0 
: w = 0.75 
- TI 9 198.6 
(iii) p = + 1 9 8  6(-1 3/2 : Suthe r l and ' s  l a w  
T1 
The c a l c u l a t i o n s  were performed for t h e  case of M = 1 
3.0 w i th  a B l a s i u s  p r o f i l e  i n  ( E ,  q 9  coord ina te s  as an 
i n i t i a l  c o n d i t i o n .  The free stream s tagnat ion   tempera ture ,  
T , w a s  se t  a t  500"R. Here, and in   subsequent   computa t ions ,  
T was assumed t o  correspond t o  an i sen t ropic  expans ion  f rom 
M = 0 t o  M1, i .e .  
O1 
1 
T1 = T /(1 9 M12] 
O1 2 
A s  might be expected,  approximation (i) l e a d s  t o  ra ther  
p o o r   r e s u l t s .  However, t he  second  approximation is shown 
t o  compare q u i t e  f a v o r a b l y  w i t h  Su the r l and ' s  Paw. 
Also, shown i n  F i g u r e  5,1 are some p o i n t s  c a l c u l a t e d  
from  Denison  and r e s u l t s .  The conve r s ion   f ac to r  
v - x  
between their d i s t a n c e  c o o r d i n a t e  , s * ,  and I is I 
**2 0.04863' U, 6 -  
A comparison  between t h e  c u r v e   f o r  w = 1.0  and these 
p o i n t s  g i v e s  a good i n d i c a t i o n  of the  accuracy  of t he  r e s u l t s  
h e r e i n  presented,  The small d iscrepancy   occur r ing  a t  t h e  
ear ly  s tages  of  deve lopment  could  be  more apparent  than  real ,  
owing t o  t h e  small s i z e  of t h e  f i g u r e  i n  r e f e r e n c e  27 
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and t h e  n e c e s s i t y  of t ransforming  from semi-log coord ina te s  
t o  na tura l  ones  and  back  aga in .  Another  ind ica t ion  of t h e  
accuracy of t h e  r e s u l t s  is  given by t h e  fact  t h a t  t h e  e x a c t  
asymptot ic  va lue  for  Go, namely 0.587 is  a t t a i n e d  i n  t h e  
w = 1 case. 
5.2.2 The Ef fec t   o f   Compress ib i l i t y  
One would  surmise  tha t  s ince  t h e  e fJec t  of  compress ib i l i ty  
i s  t o  i n t e n s i f y  t h e  d i f fus ion  process  then  the  deve lopment  
of a f r e e  s h e a r  l a y e r  would be more r a p i d  t h e  h i g h e r  t h e  Mach 
number. Examination  of  Figures  5.2 a-e show t h i s  t o  be, i n  
f a c t  t he  case. 
A t  first s i g h t  it might seem odd t h a t ,  as F igure  5 ,2a  
shows, t h e  asymptot ic  va lue  for  Go i s  n o t  s i g n i f i c a n t l y  i n -  
c r eased  a t  h ighe r  Mach numbers. I t  would seem t h a t ,  as t h e  
g a s  i n  t h e  lower p a r t  o f  t h e  s h e a r  l a y e r  becomes more rari- 
f i e d ,  t h e  relative angu la r  momentum f l u x  o f  t h e  u p p e r  p o r t i o n  
would i n c r e a s e  c o n s i d e r a b l y  r e q u i r i n g  a g r e a t e r  p r o p o r t i o n  o f  
v o r t i c i t y  t o  b e  t r a n s f e r r e d  t o  t h e  Power stream. However, 
t h i s  cond i t ion  a l so  p roduces  a much increased  d isp lacement  
e f f e c t  l e a d i n g  t o  a s u b s t a n t i a l l y  larger ZispPacement of the 
d i v i d i n g   s t r e a m l i n e  downward, as shown in   F igu re   5 .2d .   Th i s  
t e n d s  t o  n e g a t e  t h e  e f f e c t  of t h e  r ise i n  a n g u l a r  momentum 
f lux .  
F igure  5 . 2 ~  shows p lo ts  of  the  deve lopment  sf t h e  shear 
stress c o e f f i c i e n t  f o r  v a r i o u s  v a l u e s  o f  t h e  Mach number. 
a4 
Note t h a t  t h e  a s y m p t o t i c  l e v e l  of YxRe **I  1'2~ fo a t  f irst  
dec reases  wi th  M1, b u t  somewhere between M1 = 3.0 and 4 . 0 ,  
t h i s  t r e n d  i s  reversed. T h i s  is i n  c o n t r a d i c t i o n  t o  Mills 
6O 
21 
r e su l t s  wh ich  show a monotonic decrease wi th  M1- T h i s  appar- 
e n t  anomaly i s  the r e s u l t  of us ing  Su the r l and ' s  l a w .  I n i t i -  
a l l y ,  t h e  decrease i n  s l o p e  o f  t h e  v e l o c i t y  a t  the  d i v i d i n g  
s t r e a m l i n e  as M1 rises is  not  qu i te  compensa ted  for  by  the 
g r e a t e r  value of t h e  c o e f f i c i e n t  o f  v i s c o s i t y ,  U l t i m a t e l y ,  
though, as i n d i c a t e d  by F igu re  5 . 3 b o  t h e  d r o p  i n  T1 as M1 
i s  i n c r e a s e d  l e a d i n g  t o  a higher  growth rate f o r  p ,  which 
even tua l ly  domina te s  the  effect of t h e  d iminish ing  F. au 
It i s  a l s o  i m p o r t a n t  t o  n o t e  t h a t  t h e  v e l o c i t y  p r o f i l e  
d a t a ,  which is n o t  shown here, i n d i c a t e s  t h a t  i n  g e n e r a l  the 
l ocus  of t h e  p o i n t s  o f  maximum shear stress and t h e  d i v i d i n g  
The i n i t i a l l y  p o s i t i v e  d i s p l a c e m e n t  of t h e  d i v i d i n g  
I s t r e a m l i n e  shown i n  F igure  5,2d occurs  because of a decrease 
in   d i sp lacement   th ickness   immedia te ly  a f te r  s e p a r a t i o n .  The 
s u p r i s i n g l y  large asymptot ic  values  of  
s i s t e n t  w i t h  t h o s e  r e p o r t e d  b y  Mills21. 
YO a r e  eon- 
The effect  of c o m p r e s s i b i l i t y  on t h e  heat t r a n s f e r  p r o p -  
erties i s  i l l u s t r a t e d  i n  F i g u r e  5 , 2 e ,  The Pocaf Nusse l t  num- 
ber a t  t h e  d i v i d i n g  s t r e a m l i n e  is def ined  as 
Thus, h e a t  t r a n s f e r  is p o s i t i v e  when p a s s i n g  from t h e  q u i e s c e n t  
reg ion  t o  t h e  main stream, i n  which case, TI 6 T2 and Nuo 0. 
As might  be  expec ted ,  the  grea te r  tempera tures ,  assoc ia ted  
w i t h  t h e  h i g h e r  Mach numbers, are r e s p o n s i b l e  f o r  i n c r e a s e d  
conduction rates l ead ing  t o  a more r ap id  a t t a inmen t  o f  
a s y m p t o t i c   c o n d i t i o n s .   N o t w i t h s t a n d i n g   t h i s   f a c t ,  t h e  f i n a l  
l e v e l  f o r  t h e  h e a t  t r a n s f e r  c o e f f i c i e n t  s t e a d i l y  d e c l i n e s  w i t h  
an i n c r e a s e  i n  Mach number, T h i s  is a direct consequence  of 
viscous heat ing which reaches a maximum a t  t h e  d i v i d i n g  stream- 
l i n e ,  b r i n g i n g  a b o u t  a d e c r e a s e  i n  t h e  ef fec t i .ve  tempera ture  
d i f f e rence  be tween  the  ou te r  stream and t h e  d i v i d i n g  stream- 
l i n e ,   V i s c o u s   d i s s i p a t i o n  i s  a l s o  r e s p o n s i b l e  for d i s p l a c i n g  
the  locus  of  t h e  po in t s  o f  maximum h e a t  t r a n s f e r  c o n s i d e r a b l y  
below t h e  d i v i d i n g  s t r e a m l i n e .  
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5.2.3 The E f f e c t  o f  Change i n  F r e e  Stream Stagna t ion  
Temperature 
This  is i l l u s t r a t e d  i n  Figs.  5.3a  and b. The results 
b e i n g  q u i t e  p r e d i c t a b l e  on t h e  b a s i s  of t h e  f o r e g o i n g  d i s -  
cus   s ion  . 
5 . 2 . 4  The E f f e c t  o f  Change i n  t h e  T o t a l  E n t h a l p y  R a t i o ,  X . 
Since  an  inc rease  in  H2/H1 leads t o  h i g h e r  t e m p e r a t u r e s ,  
a t  t h e  d i v i d i n g  s t r e a m l i n e ,  it is  p r e d i c t a b l e  t h a t  the  ra te  
o f  d i f f u s i o n  w i l l  rise, implying a more r ap id  g rowth  to  asymp- 
t o t i c   c o n d i t i o n s ,  as H2/H1 becomes larger. F igs .  5 . 4  confirm 
t h i s  p r o g n o s t i c a t i o n .  Once aga in  the effects o f   v i scous   d i s -  
s i p a t i o n  are r e s p o n s i b l e  f o r  t h e  r a t h e r  e c c e n t r i c  results cor-  
responding  to  va lues  of  Xbelow one i n  F i g u r e s  5.4b and e. 
The c u r v e s  i n  t h e s e  f igures  are a testament to t h e  fact  t h a t  
t e m p e r a t u r e  p r o f i l e s  c o r r e s p o n d i n g  t o  a c o l d  q u i e s c e n t  r e g i o n  
have  the  fo l lowing  genera l  shape ,  
The peak  in  t h e  tempera ture  prof i le  occurs  because  of 
t h e  v i s c o u s  h e a t i n g .  I n  t h e  e a r l y  stages of development, 
t h e  locus  of t h e  p o i n t s  o f  maximum shear stress, where the 
e f f e c t s  of v i s c o u s  d i s s i p a t i o n  are g r e a t e s t ,  lies a t  a 
c o n s i d e r a b l e  d i s t a n c e  above t h e  d i v i d i n g  s t r e a m l i n e ,  con- 
s e q u e n t l y  t h e  p e a k  i n  t h e  t e m p e r a t u r e  p r o f i l e  is a l s o  lo- 
cated  above yo. Hence, t h e  i n i t i a l l y  n e g a t i v e  N u s s e l t  
numbers f o r  A = 0.0 and 0 .25  i n  F igu re  5 .4e  are expla ined .  
However, as the development  progresses ,  the  p o i n t  of maxi- 
mum shear stress moves toward the d i v i d i n g  s t r e a m l i n e ,  
u n t i l  the s l o p e  o f  t he  t e m p e r a t u r e  p r o f i l e  becomes  nega- 
t i v e  a t  yo. These r e s u l t s  a r e  a t  t he  v e r y  l e a s t  i n  q u a l i -  
t a t ive   agreement  w i t h  those   o f  Mills . 21 
It is  
imply tha t  
a value of  
X 0.75. 
5.4e shows 
a l s o  i n t e r e s t i n g  t o  no te  t h a t  F ig .  5.4e seems t o  
the  asymptot ic  level of Nuo ( u , x / v , ) ~ / *  t e n d s  t o  
approximately - 0.135, independently  of k f o r  
I n  a d d i t i o n ,  it could be remarked that  Figure 
t h a t  an estimate of heat t r a n s f e r  a c r o s s  t h e  
d i v i d i n g  s t r e a m l i n e  based on asymptot ic  condi t ions would 
p robab ly  be  in  se r ious  error un le s s  
or more. 




VARIATION OF T H E   P O S I T I O N  OF THE 
VIRTUAL  ORIGIN  WITH TOTAL ENTHALPY  RATIO 
M1 = 3.0 
The p o s i t i o n  c o o r d i n a t e s  for the  v i r t u a l  o r i g i n  r e c o r d e d  
i n  T a b l e  I1 d i s p l a y  a strong dependency on X e The nega t ive  
va lues  of x corresponding t o  X = 0.0 and h 1.3 are eon- 
v inc ing  ev idence  of t h e  g e n e r a l  i n v a l i d i t y  of the type  of 
v i r t u a l  o r i g i n  a p p r o x i m a t i o n  d i s c u s s e d  i n  S e c t i o n  1.3, 
V - 
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5 . 2 . 5 .  The Effect of  a D i s c p n t i n u i t y  i n  t h e  T o t a l  E n t h a l p x  
Ra t io  a t  the Or iq in  
This  i s  i l l u s t r a t e d  i n  F i g u r e s  5.5. The r e s u l t s  are 
q u i t e  p r e d i c t a b l e ,  a l t h o u g h  t h e  m a g n i t u d e  o f  t h e  e f f e c t  i s  
perhaps rather s u r p r i s i n g .  
5.2.6. The In f luence  of t h e  I n i t i a l  V e l o c i t y  P r o f i l e  
". . . 
The g r o w t h  o f  t h e  d i v i d i n g  s t r e a m l i n e  v e l o c i t y  p r o f i l e s  
corresponding t o  t h r e e  d i f f e r e n t  v a l u e s  o f  t h e  F a l k n e r - S k a n  
parameter ,  B ,  i s  shown i n   F i g .  5.6. The d a t a  was taken  from 
the  c a l c u l a t i o n s  o f  Evans", t h e  p r o f i l e s  b e i n g  assumed in -  
v a r i a n t  w i t h  Mach number when cast  i n  ( S, n )  coo rd ina te s .  
5 9  
The in f luence  of t h e  i n i t i a l  v e l o c i t y  p r o f i l e  i s  n o t  
very  pronounced a t  M1 = 3.0. However, t h e  effect  may be 
e x p e c t e d  t o  be i n t e n s i f i e d  a t  lower Mach numbers. 
The r e s u l t s  o b t a i n e d  can be explained by observing 
t h a t  i n i t i a l l y  t h e  d r i v i n g  shear f o r c e  i s  greater f o r  larger  
8 .  A l t e r n a t i v e l y ,  it may be said t h a t  t h e  ra te  of t r a n s f e r  
o f  v o r t i c i t y  - v - a i s  higher  the  l a r g e r  8 is. However, 
the  r e s u l t s  i n  F i g .  5,6 a l s o  show t h a t  t h e  B = -0.18 case 
2 
w 2  
reaches a s y m p t o t i c  c o n d i t i o n s  s l i g h t l y  earlier than t h e  
B = 1 .0  case. Poss ib ly  t h i s  i s  because t h e  rate of con- 
vec t ion  o f  angu la r  momentum is g r e a t e r  f o r  i n i t i a l  p r o f i l e s  
n e a r  s e p a r a t i o n .  
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5.3 Discussion of R e s u l t s  f o r  t h e  Turbulent  Case 
Owing t h e  t e n t a t i v e  n a t u r e  of the hypotheses advanced 
in  Chap te r  3 ,  concern ing  the  eddy v iscos i ty  model ,  a d e t a i l e d  
s tudy  of  the t u r b u l e n t  case was not  under taken  a t  t h i s  t i m e .  
The t h e o r e t i c a l  p r e d i c t i o n  o f  the  growth of t h e  velo-  
c i t y  a l o n g  t h e  d i v i d i n g  s t r e a m l i n e ,  f o r  two i n i t i a l  velo- 
c i t y  p r o f i l e s  w i t h  M1 = 3.0 and P r  = 0.5 ,  is  shown i n  
F ig .  5.7. One of these p r o f i l e s  was r e p o r t e d  by  Reda  nd 
PageG1; it w a s  d e t e r m i n e d  f r o m  d a t a  t a k e n  a f t e r  t h e  i n i t i a l  
expansion a t  t h e  t r a i l i n g  e d g e  o f  a r ea rward - fac ing  s t ep ,  
consequent ly ,  i t  should be t y p i c a l  o f  t h e  i n i t i a l  c o n d i t i o n s  
r e q u i r e d  f o r  a f r ee  shea r  l aye r  deve lop ing  beh ind  a rearward 
f a c i n g  s t e p  o r  b a s e .  The o t h e r  i s  a p a r a b o l i c  p r o f i l e ,  
which is n o t  o f  much p r a c t i c a l  i n t e r e s t ,  b u t  d o e s  r e p r e s e n t  
t h e  s o l e  power-law p r o f i l e  t h a t  can be treated e x a c t l y ,  when 
us ing  only  three v e l o c i t y - p r o f i l e  p a r a m e t e r s ,  v i z .  aOl a l l  
and a2. 
The v i r t u a l  o r i g i n  f o r  t h e  Reda-Page p r o f i l e  was deter- 
mined t o  be a t  x 
v* = 39.75 
yv = 7.37 60"" 
Although the  development of a f r e e  shear l a y e r  i s  h igh ly  
dependent on t h e  choice of c o n s t a n t  and func t iona l  form 
f o r  the eddy v i s c o s i t y ,  it can be seen  t h a t  t h e  transforma- 
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t i o n  
reduces  eqns.  (2.4.7  and  8) t o  a form independent  of con- 
s t a n t  a n d  A * ( X ) .  There fo re ,   t he   i n fe rence  is  made t h a t  t h e  
asymptot ic  va lue  of Go is  una f fec t ed  by the  choice  of  con-  
s t a n t   a n d   f u n c t i o n a l  form f o r  A * ( X ) .  I n  p a r t i c u l a r ,  it 
f o l l o w s  t h a t  t h e  i n c o m p r e s s i b l e  v a l u e  o f  Go(-)  f o r  t h e  
t u r b u l e n t  case is i d e n t i c a l  w i t h  i t s  laminar  counterpar t .  
Fig.   5.7,   which w a s  t aken   in   par t   f rom  Jacques   and   Gai l ly  , 
shows a comparison of  the predict ion of  Go(m) fo l lowing  
va r ious  theo r i e s ,  i nc lud ing  the  one  p resen ted  he re .  
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THE  ASYMPTOTIC VALUE O F  5, AS A 
FUNCTION OF M1 
P r  = 0 . 5  
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6 . CONCLUSIONS -
1. The method o f  n u m e r i c a l  i n t e g r a t i o n  p r e s e n t e d  i n  
Chapter 2 c o u l d  e a s i l y  be m o d i f i e d  f o r  a p p l i c a t i o n  
t o  more involved problems, e.g. t h e  case of u2 # 0 ,  
confined  mixing etc. I t  would be p a r t i c u l a r l y  advan- 
t ageous  where  t r ea tmen t  o f  d i scon t inu i t i e s ,  such  a s  
embedded shock  waves, i s  r equ i r ed .  
2 .  The c a l c u l a t e d  r e s u l t s  i n d i c a t e  t h a t  both  compres- 
s i b i l i t y  and  s tagnat ion  en tha lpy  ra t io  have  a g r e a t  
in f luence  on  t h e  deve lopment  of  f ree  shear  layers .  
3 .  The development i s  a l s o  s t r o n g l y  a f f e c t e d  by a t e m -  
p e r a t u r e  d i s c o n t i n u i t y  a t  t h e  o r i g i n .  
4 .  The l e v e l  of free stream t o t a l  t e m p e r a t u r e  o n l y  has 
a s l i g h t  e f f e c t  on the free shear l a y e r  p r o p e r t i e s .  
5. The i n f l u e n c e  of t h e  i n i t i a l  v e l o c i t y  p r o f i l e  i s  only  
o f  impor t ance  du r ing  the  in i t i a l  s t ages  o f  deve lop -  
men t . 
6 .  The p o s i t i o n  of t h e  v i r t u a l  o r i g i n  w a s  found t o  b e  
downstream  of t h e  real  one, for some va lues  of H2/H1. 
Therefore ,  it i s  i n f e r r e d  t h a t  t h i s  type of an ap- 
proximation i s  n o t  g e n e r a l l y  v a l i d .  
7 .  C a l c u l a t i o n s   f o r  t h e  heat t r a n s f e r  a c r o s s  t h e  d i v i d i n g  
s t r e a m l i n e ,  based on a sympto t i c  cond i t ions ,  are un- 
l i k e l y  t o  be a c c u r a t e  u n l e s s  
or  more. 
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FIG. 5.4a VARIATION OF DIVIDING STREAMLINE VELOCITY DEVELOPMENT W I T H  TOTAL  ENTHALPY R A T I O  
M1 = 3.0; Pr = 0.72;  To = 50OOR;  6 = 0.0 
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FIG. 5.4e VARIAnON OF LOCAL NUSSELT NUMBER  DEVELOPMENT 
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FIG. 5.5a E F F E C T  OF A D I S C O N T I N U I T Y   I N   T O T A L   E N T H A L P Y   R A T I O  AT O R I G I N  ON THE DEVELOPMENT O F  
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FIG. 5.5d EFFECT OF A DISCONTINUITY I N  TOTAL  EMTHALPY R A T I O  AT ORIGIN ON THE DEVELOPMENT OF 
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FIG. 5. G THE INFLUENCE OF 'IFIF IILITIAL.  VELOCITY  PROFILE ON THE DEVELOPDIENT OF D I V I D I N G  
STREAMLINE VELOCITY 





FIG. 5.7 DEVELOPMENT OF THE D I V I D I N G  STREAMLINE  VELOCITY FOR THE TURBULENT CASE 
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